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FOREWORD 



The Georgia Department of Education is constantly alert to the curricular changes which seem desirable as 
a result of studies and experiments in various fields. A committee was appointed in 1969 to rewrite the 
mathematics curriculum guides for the elementary schools incorporating findings from ctirrent curriculum 
studies in mathematics. 

This committee was composed of rural and city public school teachers and supervisors, college teachers and 
one out-of-state consultant who is nationally known in mathematics education. Thfey looked at the nation's 
best programs in mathematics education. They considered creative ideas of teaching which fit the age of 
space but which are as fundamental as adding two and two. They recognized that mathematics is an 
essential part of life itself and is a daily necessity for all people. The committee, taking the position that 
mathematics instruction is a procesi of initiating and nurturing understanding, felt that it would be neces- 
sary to discover techniques for accommodating the differing rates at which children develop. 
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LETTER TO UPPER ELEMENTARY GRADE TEACHERS 



This guide has been written to assist you in improving the teaching of mathematics in the upper elementary grades. The 
eomniiltce and I have worked diligently for sevcrSl years preparing this material and trustHhat the foimat is arranged so that 
it will be useful to you. * , , 

The guide has been organi/.ed''around six centra! concepts caJIed sirands. Tliey are er/titled (!) Sets, Numbers and Numera- 
•lion, (2) Operations, Tlieir Properties and Number Tlieory, (3) Relations and Functidns;(4) Geometry, (5) Measurement, (6) 
Probability and Statistics. Tliese strands include. the major mathematical concepts which undergird an iip<lated mathematics 
program for children. The concepts are threads running through the curriculum and are expanded and enlarged in a spiral 
approach. 

Fach strand is introduced in terms of broad jjerforniance objectives which the teacher can tnake more specific by , adapting 
tljem to the needs of particular children.. Tliere are one or more activities keyed to each objective. The list of objectives for 
each strand is placed at the end of the. strand on a fold-out sheet. This allows the teacher to view the objectives as he selects 
activitiesMo implement specific objectives. These activities are not sufficiJlint to athieve.the objectives. They are suggestions of 
kinds of experiences which will help reach the objectives. / 

The strands on Probability and Statistics and on Relations and Functions are included particularly because of new ideas in 
elemerjtary school nuithematics. It is hoped that teachers will accept tltt challenge ^f new topics, difh iLMit approaches and 
experimental activities as a means of extending the spiral l^farninc of mathematics for all pupils according to their potential. 



There are separate sectic)ns in^thc guid'e which deal specihcally vvith processes. Problem solving is considered a part of all 
mathematics and therefore is cmphasi/.ed in a cross^straud^ approach. Computaticm, also.Js viewed by the committee as 
permeating all strands, aiid the related section is intended to give detiJiled developrflent for especially difficult procedures. 
Problem solving is thinking through, and computation is the n^anipulation of various symbols and terms used to express these 
thoughts. * ■ 

\ 

Other sections are mciuded to tacilitate use of the guide by the teacher. Wtiile not prescriptive, the content and methods 
identified throughout the guide are of increasing importance in a contemporary mathematics program. Tlie section on media 
lists instructiorLnl aids, and the use of aids i^uggestec in the activities of each strand. The correct use of the materials will 
help in the aclfievement of the objectives. Teachers should reaiize the importance of teaching children correct vocabulary and 
correct use of symbols. A glossary for the teacher is included to provide definitions which can be simplified into children's 
language. Words^ often used in daily communication, particularly some geometric terms, have a different meaning when 
considered mathematically. Symbols arc to be understood as a n^ans of stating problems and recording results after 
meaningful experiences with physical models of mathematical principLts. ^ . 

The teacher, guic^ed t^' the objectives in each strand, should endeavor 'to determine those topics'and activities most appro- 
priate t\)r reali/.ing the objectives for the particular children bein^ taught and should correlate these ideas with those'in texts 
and other available materials. After a strand has been presented, the teacher should evaluate in terms of the objectives using 
instruments constructed for this purpose. Sample instruments are included in the Evaluating Pupil Prog^s section. In the 
bibliography are suggested materials designed to help implement achievement of the objectives. Early selection and purchase 
of materials for the library, a grade level or an individual class will insure access'to^books when needed. 

Inservice programs tor those who need help with the new ideas will result in a more competent faculty as well as increased 
knowledge on the part of the children. Assistance in improving local programs may be found in the section Continuing 
Program Improvement. 




cftadys M. Thomason, Coordinator 

Mathematics Education 

Georgia Department of Education 
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Curnculum plinning ij a continuous process of updating content, improving methods, analyzing pbiectives. measuring 
learning and appraising attitudes. The Mathematics for 'Georgia Schook. is to'help local curricuifc* committees and 

teachers of mathematics to identify the co'ntent, procedures and materials which. will strengthen and^nlch the mathematics 
educational program for th<r elementary school children of Georgia, and to measure the effectiveness of the program. 

In the guide objectives are stated in behavioral terms. Local cu^culuip committees may find it helpful to state more specific 
objectives. The activities support the theory that learning ts^periendng. The objectives and activities are organized into six 
strands wntten for primary grades and upper grades. 

-me ordering of the strandsSn the ibidcdoes not imply the ordering of presentation of subject matter; that is, one strand" 
need not be completed (or eyen begun) before procee(ijng to another. ITie volume of material on Jifferem topics does not 
imply that-tn«U more important than .the other. Topics especiaUy difficult to present and ,those not ge^eraUy covered in 



currently avadabl^tbooks are developed in more detail. Individual teachers will need .to make appropriate choices 
according to, the needs of their pupils. / k 

One strand which^lras emphasii. is Relations and Functions, since most of mathemarics involves relations between numbers 
and/or geometric figures. Since relations and functions are unifying c0ncepU in mathematics, children should be encouraged , 
to think in terms of them • ' • ■ b^"/ 

. ■ ■ • - \ ■ 

The guide does not restrict geometry to naming shapes and measuring them. Emphasis in^eometry is placed on the relations 
between point sets such as has the same shape, parallel to and congruent to. The activities enable cbUdren to work with 
materials in order to leam these relations for themselves. 



The emphasis on sets^in this guide endorses the concept that' the language of sets is a powerful, tool in communicLing 
mathematical ideas andean be used botfi to organize and describe " " t » 

. ' - ■ ■ \ 

Evaluation is a continuous and in^^ patt of the successful elementary school program'. The techniques of I^ation mist 
include procedures for appraising interests and attitudes as weU as skills and understanding. \ 

■ >^erhaps the one factor most, essential to 'the success of the mathematics curriculum is understanding. To promote undel 
-landing a distuict.on is made between operations, and computations. An operation is an assignment of a single number to ari 
ordered pair of numbers. Computation is a process of manipulation of numWby-.dltcW determines a name of the singl^, 
number assigned to the ordped pair of numbers. The heed to find a more efficient and enlightening. method of instruE^ 

that clear unJerstandi ,f essential mathemati^ concepts must precede, but certainly not' 
.. supplant, the traditional point of emphasis, computation. * ■ 

Ilhn'iSfX'^'' ^ "^T'^ ' '"^^'^'"^ '"'^ "^"^'"^^8 understanding, it wiU.be necessary to discover 

techniquesXor accommodating the different development rates of children. ChUdren develop concepts of mathematics fmm 
their expenences with physical objects. This guide is designed to help the teacher exercise professional judgment in adopting a 
mathematical program compatible with each chUd's abihty. ^ 
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CONCEPTS ACCORDING TO STRANDS 

Sets, Numbers and Numeration ' 
J Operations, Their Properties and Number Theory 
Relations and Functions 
Geometry 

Measurement ^ 
Probability and Statistics 



SETS, NUMBERS AND NUMERATlO»N 



INTRODUCTION ^ 

The concept of a set is a useful tool in the study of mathematics, and the language of sets enables one to communicate 
mathematical ideas with' .clarity and precision. In the upper elementary grades many different kinds of sets are studied; for 
instance, sets of polnti in geometry, sets of equivalent fractions in tlie development of the rational number concept and sets 
of factors>in number theory. Activities should be selected which will help pupils develop.understandings and skills necessary, 
to identify, describe and classify sets. - ' 

Wliole numbers may be def^lred as properties of fitjite sets; more precisely, a whole number is an abstract concept associated 
with a class of equivalent (finite) sets. For instance, the number 5 is the common property of all sets which can be put into 
one-to-one correspondence with the set of fingers on one hand. Counting is the process of assigning a whole number to a 
finite set. Activities such as those suggested in tlie.related strand for the primary grades lay the foundations for understanding 
number and for leaming the system of symbols for denoting numbers. In the upper gr;ides, the conceptJ)f wliole number and 
numeration are ex ten dal, with .emphasis on the place value principle used in writing f^Jmerals. Work with numeration systems 
other than the decinuil system is included 'in order to reinforce understanding of place^value ~ an understanding essential for 
developing computatinnal skills. 

Certain applications of whole numbers lead to (he important concept of an ordered pair (ff numbers. For instance; the whole 
numbers 2 and 5 are components of the ordered pairs symbolized in the following examples. 

(a) y (read "2 for 5"), where the ordered pair expresses the rate of 2 balloons for 5^nts. ' 

(b) 2/5 (read **2, 5''), where the ordered pair expresses the date, February 5th. 

(c) (2,5) (read *'2, 5'*), where the ordered pair is a member of the solut mil 9ct for the open sentence 0+3= A. 

(d) (2, 5) (read *'2, 5''), where the ordered pair is ass^ lated with a poini m the coordinate plane. 

• (e) ± (read "2 to where the ordered pain ress. , the ratio of the nuirber of holidays to the mi^her of school • 
days ub a particular week. 

All of the above situations involving ordered pai s of whole numbers should be dealt with in the elementary school. (See the 
strand^bn Relations and Functions for some sug^, ted ^tivities^ It should be noted that the-^ymbol for an ordered pair has 
meaning only in terms of the context in which the ordered pair is used. ^ 

The ordered pair (2,5) is studied in stUl another context in elementary school mathematics, the fraction context. In that case, 
'5 is the count of parts into which a unit or a set of some kind h^s been partitioned, and 2 is the.count of those parts which 
•have been singled out or marked for attention, as in the following illustrations. ^ ^ 

(2 parrs out of 5 parts in a unit strip) 



■f 




(2 parts out of 5 parts in a unit disc) 
The symbol For the number pair used in the fraction context is generally wriiAeiras \ and read "2^over 5" or "2 fifths." 
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of the term rational number for th« number pair In this else should be postponed unJlT^puplls reach a level of 
mathematical maturity sufficient to undersKa^id that a rational number is an equividence class. Fof instance, the infinite set of 
ordered pairs, - * ^ 

I S 10 15 20 3S 30 I 
represents one (exactly one) rational number. 

There are several numeral forms which the Upper elementary school pupil learns to uje in expressing fractions (or rational 
numb^i^. 1^ ^ - ' 

(!V\T^e fraction (oT^atio-Iikc) form. e.g.. (re *M 3 oVcr 5'' or "13 fifths''). \^ 
(2) The decimal numeral form, e.g,, 2.6 (read '*2 and 6 tenths'* or '*26 tenth?"), 

Hi \ • , 

^ (3)' TTtj^Xmixed numerll form,e.g.,2 ^ (fcad '^2 aajy. fifths"). 

It should be noted that what one F^as often called deciinal numbers or mixed numbers^are, in fact, fractions (o^ rational 
numbers) expressed in decimal nurrlerials or in mixed numerals. It is important for pupils to know that the symbols ~ , 2. 6, 
2 all represent exactly the same number and that a preference for one of the numerals depends, generally, on the 
application or use one makes of the number. ^ 

In addition to the study of the whole numbers and rational numbers, there is another kind of number which is an impgjtjint 
part of the developing concept of number, that'js, the integers. As with many'of the topics in the guide, there is no particijlar 
time or place in the curriciJlum when the study of integers should be initiated or completed. Certain informal uses of rie^ive 
numbers or readiness experiences with signed numbers can occur as early as the primary grades. Many pupils have^experiences 
with ttMnperatures above and below zero arid witJi gains and losses in football yardage statistics or other game-related scores, 
■ In working with a numberline some pupils rfiay wonder about the numbers on the other side of zero. Such experiences or 
ideas should be built on and expjinded throurghout the grades, Tlie suggested activities in thi§ strand are restricted to the 
development of the concept of integers as numbers. The concept of integers as element^ of a number sy>?tem is in the strand 
on Operations, Their Properties and Number Theory. ' -\ 
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SETS, NUIV^BERS AND ^^UMERATION 



Objectivef 
Kaycd to 
Adhrities 



obj. 
I 

obj. 
2,3,4 



obj. 
2.3,4 

obj.^ 

3,4 



.ACTIVITIES 



Sets/ 



1. Have the piipUs name some s^ts of objects in the room such as the set of desks, set of pupils, etc. 

2. Have pupils ilame sets of groups of which they are a part. ^ ' . 
^ Example^ 

Set Jkf pupils who attend 

\ -: — school. 

Set o^upils who ride the bus. 
Set of ftupil> who bring their lunch. 

Let each pupil\^ad aloud one of his categories and have those who ^e inembers stand. Also let the 
ones who are fi^jm embers'' of each set stand to represent the complement of the given set. 
If a pupil d^oes n^t name a set that is not well defined, tlje teachWmay describe a set such as "the 
set of pupils whi\ are wearing new dresses" or/*the.set of pupQs who talk too loudly ii\ the' 
lunchroom." TlieA^upils will easily sec that these sets are not weU defined because "new" and 
"loudly" are not saftcific. " , ^ 

3. Ask.those who are Wmbers of the set of pupils over 25 years of^ge to stand. Name and discu^ 
other examples of tqle empty set, . 

4. Use examples from B|iglish lessons to reiS'orce the concept of setS; 

i 

Examples \ 

(a) Let A = I there, UWught, which, thrown, thinned, talked, whose, torn, wUted, thorn }, (fsome 
other set of spelling yMds. In assigning this particular spelling list, ask the pupils to find the subset 
of words which bcgin\U^ith Hh and the subset of words which ends in ed. They may write B = 

{there, thrown, thought^ tfiinned, thbm \ and C = | talked, thinned, wUted | . 
Then the pupils might U directed to find B H C, the set of wbrds which begin with th and end in 
ed They should find thHtj B H C- j thinned } . Other subsets which they could be asked to tabulate 
might include the subse| W words>eginning with wh; the sub^t of woids which can be used as a 
noun or the subset of w(^rds which represent the past tense of a verb. / 

(b) Another use of s^t iMguage in studyin| the Eiiglish lesson might be Lji^Uows. 

Given a set of- senteftce|from which one is to pick out air modifiers, have pupUs tabulate the 
following. 1 "^"l i 

i |i • 

A = the set of ajl rT>jo|djriers 



B = fhe set of all cl|i|ise modifiers 



C - the set of al 
D = the set^f al 



pttrase modifiers 
wird modifiers 
E = the set of alljobleciival modifiers ^ 
F = the set of all|ad|ejrbi^ modifiers 

After thef pupils have t|^bi|^ted these, they may be asked to tabulate B O E, B H F, C O D and the 
like. I ' '• 



obj. 5. To teach the descriptive method of designating a set, the pupils could be asked to describe sets such 

1,3 - ^ as the following. * 



A = ]10, 100, 1000, 
B = jlO,20,30, .,.[ 
C = |a,e,i,o,u| 



When they describe the sets as 

A is the set of powers of 10, 

B is the set of multiples of 10 and 

C is the set of vowels, 

they will not only have had practice in using the descriptive method but also in observing the 
common property of given sets. 

obj. 6, Have the pupils consider two different sets of numbers. 

2 4 

Let A = set of whole numbers 
B = set of integers 

Have the pupils name many subsets of the two sets such as ]x | x is a number observing that if 
this set is a subset of A it is a different set from the set that is a subset of B. Also have the pupil 
examine subsets of the 1wo given sets that would be the same, such as |x | x is a number ^ ^] 
Activities such as ihese give the students some experience with finite an^ infinite sets. 

obj. 7. (^ive the pupil f)pportunities to find subsets (if an infinite set of numbers. F(u example, let A be the 

2,4 set of whole numbers. 

Have the pupils list certain subsets such as the following. 

B = the set of even numbers 

C = the set of multiples of 5 
T)= the seWOf factors of 12 

E= the set of numbers <3 
' F = the set of numbers > 6 

G = the set of numbers > 3 and ^ 6 
* H = the set of numbers < 3 and > 6 

I = the set of numbers such that 2N = 6 

J = the set of numbers such that N + 6 < 10 

Whole Numbers 

8. Review the place value code for writing numerals and extend the idea that place value names are a 
^.'^ convenient way of identifying the number ot subsets that can be made by grouping objects into 

subsets of ten. Stress that the convention for writing numerals requires that the count of tens be 
recorded to the left of the count of the units. The relationship between places is ten times the one 
to the right. The place value chart is a good device to illustrate this convention and can serve as 
readiness for developing exponential notation. 
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The teacher will need to provide experiences with physical objects to build concepts of place value 
for those pupils who have not acquired them by the end of the primary grades. (See the activities in 
guide for primary grades.) 

Activities should be used to develop skills in writing numerals in expanded notation and expon- 
ential notation as exemplified here. 

1235 = 1(1000) + 2(100) + 3(10) + 5(1) 
1235 = 1(10^) + 2(10^) + 3(10') + 5(1) 

Number bases other than base ten may be presented to strengthen the pupil's understanding of the 
place value scheme of base ten. In presenting a new base, the teacher needs to follow the same basic 
steps as are followed in presenting base ten. Physical objects should be used first and then pictures, 
drawings and color representations before moving completely to abstractions. Most students need 
to be guided carefully through these steps. The examples which follow represent these steps. 

Use artificial fruit, 1-inch squar?s, plastic tops or toothpicks, and let each single object represent 
one. In presenting base five, place five of the objects within a boundary and let this set represent" 
five. Each of the sets representing five may be made by placing five objects in a plastic bag or 
placing a rubber band around five toothpicks. To represent twenty-five place five groups o^//V^ in 
another plastic bag. In this organization one, five, and twenty-five^are represented as Ifive, iOfive, 
and lOOfive. Counting and representing the numbers with objects which have been bundled in this 
way helps the pupil to understand the place value scheme. As the pupil counts by ones he must 
bundle or group the counters when he reaches the numbers five, twenty-five, etc. He can place the ■ 
representations and record them on a large sheet of paper or bo^rd which has been blocked or 
marked in place value columns. 

From representations using bundling the pupil would progress to those oi a more abstract nature 
such' as color representations. For example, yellow strips might represent ones, red strips fives, and 
green strips five fives. Such a scheme is helpful to the pupil as he begins computation. For example, 
to add 22 five and 14five the pupil would represent 22five with two red strips and two yellow strips 
and would represent I4five with one red strip and four yellow strips. Combining the two groups he 
would get three red strips and six yellow strips; however, working in base five he must exchange 
five of the yellow strips tor one red strip so that the result would be four red strips and one yellow 
strip which would be recorded as follows. 



22five 


2 reds 


2 yellows 


'4five 


I red 


4 yellows 






-6-yeilow»- 




4 reds 


1 yellow 



For further explanation and similar activities, see the strand Operations, Tlieir Properties and 
Number Theory and the section Difficulties in Computation. 



Before such activities are presented the pupil should practice using the colored strips to represent 
numbers such as I23five and he should practice recording the numerals in base five to represent a 
set of strips such as three greens, four reds and two yellows. 

After the pupij is able to represent or record numbers in different bases he should then learn to 
convert numerals recorded in one base to numerals in another base by using expanded notation. 

Example 

Let i34five = ^ten , 
234five = 2'(fiverives) + 3 (fives) t 4 (ones) or 
234nve = 2(100fjye) + 3(10five) + 4(lnve) 

xten = 2(25ten) + 3(5^^^) + 4(1^,^) Since 100^^,, = 25^,„ and 10fiye'5j,„. 
xten = 50ten + l^ten + ^ten 
^ten = 69ten 
Then 234five = 69ten 

Some valuable situations can be derived by having the pupil make his own symbols and names for 
numbers. In the construction of the system he will see that a finite number of symbols will be 
needed according to the number base he uses. 

Convert numerals written in another base into base ten numerals by using expanded notation. 
Example 

J J 3five ~ ^ten 

1 1 2five = 1 (five X five) + l(five) + 2(one) 

ll2five = 1(10^)+ 1(10^)+ 2(5)° 

Xten . = 25 + 5 + 2 = 32 

As an outgrowth of social studies, pupils can see a numeration system as another way man has of 
communicating his ideas (number). By looking at other systems of numeration (i.e. the Babylonian 
or Egyptian system) they can compare them to their own system and gain a better appreciation of 
the Hindu-Arabic system. 

Choose some physical model of a unit, for instance a circular cardboard disc or a rectangular sheet 
of paper, and say to the class 

*'I am going to cut across this disc like this and then this," or 
"I am going to fold this paper this way and then that way." 

After partitioning the unit model by cutting or folding so that there are four pieces of the same 
size, ask, '*How many pieces do you see now?" 

When pupUs have agreed on the number of pieces or subregions, record 4 on the board. Then have a 
^upil shade three pieces of the disc or have a pupil color three of the paper subregions determined 
by fold lines and ask, "How many pieces of the disc did John shade?" or **How many of the paper 
subregions did Susan color?" 

In recording their response, position the numeral 3 so that the two numerals look like this. ' ' 

3, 4 (read "three comma four") or ^ (read *'three over four"). 

The teacher should point out, "This pair of whole numbers describes the experiment we have just 
done." "The number 4 is a count of the pieces of the disc we put, and the number 3 is a count of 
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the pieces we shaded," or "The number 4 is a count of the parts of the paper we got by folding," 
and the number 3 is a count of the parts that are colored." 

The teacher will, of course, recognize the familiar fraction context. However, it is recommended 
that he continue to talk about pairs of whole numbers until his pupils have understood that the 
usual fraction numeral is nothing more than notation for a pair of numbers associated with count- 
ing collections of pieces of a unit. 

For pupils who have had little or no directed experience with ordered pairs of whole numbers in 
earlier grades, it may be necessary to repeat this kind of activity many times. Repeat with different 
models of units in different kinds of settings in which pupils assign prdered pairs of whole number 
to th? models through (a) counting the number of pieces or parts or subregions of the same size 
into which a unit has been separated and (b) counting the number of pieces or parts or subregions 
which have been shaded or colored or given away or whatever. 

The physical acts of cutting, separating and folding unit models should be done by the pupils and 
the teacher. In Hrst experiences with writing ordered pairs of whole numbers to record the result of 
an experiment, it is. suggested that teachers not use precut or pre-partitioned 'models; instead, let 
the physical act of partitioning a unit be part of the learning activity. Also, note that the word 
divide is not used to describe the physical act of partitioning a thing. The word divide is reserved 
for classroom use in talking about the mathematical operation of division on numbers. 

Once pupils have acquired the ability to assign number pairs to physical models, or pictures of 
models, in which units have been separated into parts or subregions which are congruent to each 
other, 3s illustrated 'in (a), they should be presented with models 




which have been partitioned into non^iongruent parts, as illustrated in (b). Then ask, **What 
fraction can be assigned to the shaded parts in each of these models?" Have the pupils discuss and 
verify the assignment, to each model in the illustrations. 




Prepare fraction makers for pupils by cutting out strips of paper which measure about 3 inches by 8 
inches, (a) Give each pupil a strip and direct him to fold along a line so that the ends of the strip fit 
together. Then have him unfold the strip, shade one subregion and write the fraction name for the 
pair of whole numbers which describes the experiment. 



fb) Give each pupil a second strip a. id direct him to fold the strip as in the illustration'beiow. This 
activity will involve son\e trial and error. The teacher may demonstrate with a strip; however, let 
each 3tudent work with folding until he has accomplished the fitting together of the parts of the 
strip. Have him unfold tlie strip, shade one subregion and write the fraction name which describes 
the experiment. * \ 




(l) CtHUmuc having iold strips and shade one of the resulting subregiuns until on each pupil's 

desk ilicic Ls a set o\ .strips, shaded and labeled, as pictured iiere. 







(d) Ask, "Wliat do you notice about the shaded parts of the strips'^'' Suppose one pupil responds, 
"Tliis is biggd-r than that," Write the statement on the board and ask another student if he can show 
that f/?/.v Is bigger than thai. The necessity of names for this, and ihal will arise, and then you can 
cross out the words this and that and write 



This is bigger than ^hks-. 

Out of such discussions can also arise statements such as, "If I shaded all of the pieces in each strip 
then I would have y . y . . y "f- " Also, pupils may notice that two yS and three 
-^*s make five ^*s, and the like. The teacher^s continued encouragement to pupils to talk about , 
what they see can provide the first intuitive recognition of relationships among fractions. The 
encouragement to use number names when talking about pieces will help to develop the language of 
fractions. However, one must be careful not to insist on mastery of facts about fractions until 
pupils possess the concept of fraction. 



16. Repeat activity 15 except let the strips be of different length or width than the strip which was 
provided for the previous activity. Althougli one does not explicitly point out to young learners 
that fraction numerals such as y represent an abstract idea, the teacher needs to provide experi- 
ences with different models of units and with quantifying parts of those units. Thus, the pupil 
-'^^^tracts the idea of fraction without regard to any particular model. 
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Bring to class retail store advertisements which include symbols such as-|- , -i /A ^ ^ ^ _L 
and the Eke, and discuss with pupils the physical models with which these ordered* pairs of counting 
numbers are associated. For instance, ' . 

-|- tnay mean 3 pieces of bubble gum for a nickel; 
^ may mean 3 cans of peaches for SS'b^nts; 

may mean 5 pairs of socks for 2 dollars; ' n 

3^ may mean 2 boxes of facial tissues for 36 cents; 
Yq may mean 3 blouses for 1 0 dollars. 

These symbols for ordered pairs of counting numbers name rates, not fractions. The context in 
which the symbol is used is the clue to its meaning. Ask pupils to find other exam pies of symbols 
for ordered number pairs which do not name fractions. They can bring in newspaper advertisements 
or they can draw pictures depicting their out-of-school experiences in which ordered pairs are used. 
Assist them to discriminate betN^een number pairs which are fractions and number pairs which are 
not fractions. TRe distinction becomes increasingly important when the children study operations 
on fractions. For instance, if and. are fractions, then one writes that ^+ = J.. 
However, if and ^ arc ra|p pairs, then ^ + ^ That is if one buys three ca^ns 

of one brand of peaches for 88 cents and two cans of another brand of peaches for 88 cents, the 
result is not 5 cans of peaches for 88 cents, but 5 cans for 176 cents. 



Experiences in associating ordered pairs of whole numbers with partitioning sets should be devel- 
oped carefully in order to avoid confusing rates and fractions. For instance if there arc six children, 
four boys and two girls, in the first row, tRcVet may be used to distinguish between a rate and'a 
fraction. \ 

The number pair (2,4) or ^ which tells the ratio of the nun^ef of girls in the set to the number of 
boys in the set is a rate and is read *Vw6 to Jour, " Whereas, the number pair (2,6) or ^ which tells 
the ratio of the numb^ of girls in the set to the number of students in the se( is a fiaction and is 
read ''two out of six." 

In the development of the fraction interpretation of number pairs associated with finite sets of 
objects, choose physical models of unit sets, and in discussions with pupils, ask questions similar to 
these which pertain to the unit set illustrated above. 

(a) **How many members do you see in the set of children?" Record the? number (6). 

(b) "How many members (or girls) do you see in the subset of girls?** Record the number (2). 

(c) "You now have two whole numbers. In what order do we write them? . . . (2,6) or ... That 
is right. We write the count of member^ or pieces in the unit set aftp or under the count of 
members or pieces in the subset ... We write, the two numbers in this order because that's the way 
everybody else does.** Pupils need to know that the way in which one records number ideas is 
man-invented and often quite arbitrary. 

Although the teacher need not make explicit the relationships 

A . 

(given) unit \ >^ (given) set, - , , 

pieces of unit ^ r members of set, 

^ pieces shaded or ^ ^ members specified by 

marlced in some way common prop<irty of subset, 

it is helpful to learners of the teacher*s language and cIass;|)om activities suggest the parallels as in 
the following chart. • ^ 
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Partition of 
Unit (Set) 


No. of Pieces 
(or members) in 
Unit Set 


No . of Pieces 
(or members) 
Shaded 


Fraction 
Name 


^am gjia\ 

^ o q! a) 


i 8 


3 


3 
8 






8 ^ 


3 


3^ 
8 






\ 
















i 










4 


2 


2 
4 




4 


2 


2 
,4 








6 


5 


5 
6 




















6 


5 


5 
6 






V//A 








20 


6 


6 

20 


































® ®®® 


20 


6 


6 

20 

/ • 



ProvicJc wooden trays of balloons, bubble gum, pencils or other articles which Q/le would find in a 
general store and whidK pupils would be likely to purchase. Prepare the usu"arrate pair signs for tlv 



trays, such as A for ballo^ons; 4- for bubble guni; \ for pencils 




Pupils will have 'no trouble interpreting the signs, reading them **3 balloons for 10 cen^su" or "1 
piQce of gum for' 2 cents" or "2 pencils for 5 cents " The discussion should lead to the generaliza- 
tion that order in vvriting each number pair is important; that is y tells a different rate than does 
-J . Tlien ask *'\Vliat would be the ordered number pair which tells the rate of exchange for six- 
balloons? for nine balloons? for 12 balloons'^'' Jf advisable, have pupils lay oiM the corresponding 
sets of balloofis and coins as illustrated. Otherwise, have tliem draw the sets of balloons and coins. 



' ??? To (read "3 for 10") 

®c 

(b) , (j)(p(p(p(p(p 2^ (read "6 for 20") " 

(c) 999999999 ' (read -9 for so-) 

®i ®<f ®4 

(d) 999999(^9999^ ll (read",2for40") 

®i ®i ®<t ®i ^ 

After the class has discovered several number pairs involving the rate ot exchange of balloons for 
pennies, ask "Wiy do you suppose that the store manager does not have a sign like this 



3 


6 


9 


12 


15 


R) 


^' 


30 ' 


40 ' 


50 



over the tray of balloons?'* Pupil responses and discussion should prompt generalizations that all of 
the above named^pairs tell the same rate; that it is enough to advertise the basic rate of exchange; 
and that any purchaser of balloons could figure out the other number pairs. It is important that 
pupils understand 

• that each number pair in the above set is associated with a different physical experience, that is, 
3 balloons for fO cents is not the same experience as 6 balloons for 10 cents, and hence one does 
. nAt say that ^ is equal to but ^ 

. • that the number pairs in the set {f^ , , , il , 1| . . .} all represent exactly one 
rate. The rate pairs are said to be equivalent and, given the basic rate pair, all equivalent rate pairs 
can be determined. Since pupils probably have more real world experience with rates than tHey 
do with fractions, it is a good idea for teachers to make use of these experiences in order tp- 
develop the concept of a set of equivalent number pairs. r 

{ 

Other physical models for writing and generating sets of equivalent rate pairs include Ihose fern- 
ployed in planning for a^class party, such as 

(1) three mints for one pupil, six mints for two pupils, nine mints for three pupils' . . denoteii 

/JL A 9 12 15 I < F F ' ' ^ 

(2) one.letrior^ for 4 cups of lemonade, two lemons for 8 cups, three lemons for 12 cups . . ., 

denoted i ± ± ^ A. \ 

I I 4 » 8 » :r2 \ 1 6 » 20 ' • • - f 

Still other sets of rate-pairs are those used in solving measurement problems, such as 

(3) miles per hour]-^ , 1^ , 1|1 ^ _ |^ read "55 mUes in one hour, 1 10 in 2, 165 in 3, and so 
on.** 

(4) liquid ounces to cups j-f , ^ ' ¥ -f read *'8 ounces to 1 cup, 16 ounces to 2 cups, and 
so on/' 



Working with paper strips as fracUon makers (See Activities #15 and #16 above), have pupils 
partition the units by folding or cutting them; then have them shade some of the pieces and 
identify the associated number pairs and fraction symbols as indicated in the chart. 
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1. 

) 



Partition of Unit 



'/////mm. 



W/VAY/Ay/A 



m//////mA 



y////y////Ay/A 



\ I I 



MM 



No. of Pieces in Unit 
2 

4 

6 
8 

10 
12 



No. of Pieces Shaded 
1 



Fraction 

J_ 
' 2 

2_ 
4 

6 

8 



10 

6 



Ask "What can you say about the shaded parts of the units (strips)?" 

Record pupil responses on the board atid discuss. Among responses may be one such as *The same 
amount of paper is shaded in each strip." If asked, **Is;the fraction -y the same as the fraction 
?", the response should be "No, because the partitions are not the same," Further discussion 
should lead to the agreement that although the units are not the same they are equivalent (same 
amount of paper) and although the partitions are riot the same, the shaded portions of each unit are 
equivalent (same amount of paper). Thus, the number pairs or fracti. ns are said to be equivalent, 
and one can say^of the following sets that the fractions are equivalent to each other. 



11 A ^ _^ 1. A I 

1 2 ' 4 ' 6 ' T ' 10 ' 12 " ' r 



Ask, **Are there other number pairs or fractions which we could include in this set?" If necessary, 
continue partitioning units and shading parts until the pupils decide that there is no last fraction in 
a set of equivalent fractions. Thus, one writes the following. 



0' 



_L ^ -L i. 

10 ' 12 ' 14 • 16 



I 



21. Repeat the above activity except substitute a unit set of discrete objects for the unit strip of paper. 

An egg carton filled with plastic eggs is a good model because it is easy to identify the subsets of 
the set of eggs by partitioning the carton. 

If one used a unit set of 12 blocks, the physical partitionings and resulting data may be represented 
as follows. ^ 




Subset to be given to Jack 



X Tlie number of pieces (discrete objects) in unit set is 12. 

The number of pieces in subset to be given to Jack is 6. 
/ The fraction is , 



14 




Subset to be given to Jack 



The number of pieces in unit set (after partitioning the unit set 
int^subsets or stacks of 2 each) is 6. 

The riVimber of pieces (stacks) in subset to be given to ^ck is 3. 
The fraction is 4- • 

6 




Subset to be given to Jack 



The number of pieces in unit set (after partitioning unit set into 
subsets or stacks of 3 each) is 4. 

The number of pieces (stacks) in subset to be given to Jack is 2. 
The fraction is ~ ) 



(d) 



H 



Subset to be given to Jack 



The number-of pieces in unit set (after partitioning unit set into 
subsets or stacks of 6 each) is 2. 

The number of pieces (stacks) in subset to be given to Jack is 1 . 
The fraction is 4- . 

Although the partition in eac1i of the above illustrations is not the same, the measures of the 
subsets^ given to Jack are the same. Thus, one says that the set of equivalent fractions |y , 
-g- , Y2 f itientifies the same number of elements in the unit set. Note that in this case it is 
inappropriate to include the number pairs 



_s 

1 0 



or any other in the set. 



15 



obj. 
10 



obj. 
10,14a 



2^ 



Expand or build on activities above to provide practice in generating members of a set of equivalent 
fractions/Set up work sheets as follows. 

In each of the fallowing exercises, write ten other fractions that belong to the same set as the given 
fraction. 

(0 H-. ^ } 

After pupils have had much practice with quantifying physical models of various partitionings of 
units (and unit sets) and practice in generating sets of equivalent fractions, ask them **How did you 
generate the sets of equivalent fractions, given one fraction?" 

Class discussion in search of a general pattern should lead to the discovery that, given a fraction in 
the form — , where a and ^ are whole numbers, ^ O, one can find other members of the set by 
multiplying^ each of the whole numbers in th.j given pair by the same number or dividing each of 
,the whole numbers in the given pair by the same number (if division is possible). 

For instance^ given the fraction ~ 
as 



or the fraction -j^, 



one can generate other members of the set 



2X2 



4 

6 



2X3 
3T3 



'X 



where n is a whole number, or 



12 



8^2 
12^2 



4 

6 



All 

12-r4 



2X4 



■ 2X3 
3X3 



8 
12 



2X5 



2X5 
3X5 



15 



2Xn 
3 Xn 



In the latter set, the &[ven fractio: was not in basic form. Hence, dividing both whole numbers in 
the number pair by common factors, two more equivalent fractions were generated. Once the basic 
fraction is found, it is then an easy matter to generate all .others. 



obj. 
11 . 



24.. Ask if the fractions -|- and ^ are equivalent fractions. 

^a) Allow pupils to partition paper strips or other models of units, if they find it necessary. 




2 
1 





mm 












mm 


8 



12 



Matching the shaded regions of equivalent units permits them to conclude that y is equivalent to 

12 

\ 16 



(b) Pupils working at a more abstract levei^may reason as follows. * 

^ « ' . \> • 

Now -y is a basic fraction. Therefore, the set of fractioiis equivalent to -- is. 



1 ^ -§. 10 I- 
I 3 ; 6 ' 9 ' 12 ' 15 "7 

Since ^ and ~ belong^ to the same set, they are equivalent. 

(c) Another test for equivalence of two fractions is one which students may discover througri a 
aner 




guided search for pajtterns. On the board write a set of equivalent fractions such as||- , ^, ,^|- 
n ' T? ' TS ' ' • - J .^"^ 3sk, **What other pattern of relationship can you findjor anyAwc 
fractions in the s^t? Consider A and -| . Of course you can draw pictures of units and partition 
regions, but is there a quicker way? There is no whole numbers such thatJOCri^ _ Neither is 
there a whole number m such that 4^ 6 ^ m. Any'oth^ ideas? 6Xn 

6 ""19 -f m . I 

(6,9) or ±J^± ' f ^ 

^9 



Maybe it Will help to look.at the numbdr pairs written in this [prm 




Wha.t can you say about the products, 4 X 9 and 6 X 6? 



Once^ this relationship on the number pairs is pointed out, have the class try other pairs pf fractions 
from the set. Ask 

"How about -| and -f ? Does 2 X 9 = 3 X 6?" (Yes, since 18 = 18) 
"How about |. and || ? >^oes 4 X 15 - 6 X 10?" pk^, since 60 = 60) 

'Try others. Generate a few more fractions which belong to the given set and try them." 

Ask, **Do you suppose t|ip same pattern holds for other sets? Try the set 



{1 



il ii ii 30^ ...I 
10 ' IS ' 20 ' 25 ( 

Consider f and |f,. Docs 6X15 = 5X18? 



"^Consider || and -i| . Does 1 2 X 25 = 10 X 30?' 

Tlien ask, '*Can you use this relationship to find out if -p^ and ^ are equivalent? C 
your response?" 

The relationship which emerges from this kind of guided di;^covery is called the test for equivalence 
of ordered number pairs or fractions- * - 



an- you verify 



For all whole numbers p, q, r and s with q ^ o/and s i- o, ^ is equivalent to - if and 
only if p X 5 - ^ X r. ^ ' ^ s 

5. Have pupils consider the old number line with which they have worked in orderiTYg the whole 
numbers. 



'# • ^ ^ 

0 ■ I 2 " 3 4 



Recall that whole numbers !\ave been associated with' points on tliejino according to the agreement 
that the points are endpoints of unit segments and tlie whole numbers arc measures or counts of 
^ unit segments from tlie point at ;^ero * ' 



'7 



The ensuing class^discuSlon should follow this p^attern. Partition the unit segnient (between Oand 
1 ) into 2 pieces and shade I oi the pieces Mich that 0 is one ondpoini of the shaded piece. 



4 



Ask, "With what nunibij*' could wc associate tli«^other endpoint of the shaded piece?" Since it is 
the endpoint of I ouTuf 2 pieces^of the. unit segment, let the ordered number pair (1, 2) or y be 
associated with point P. 

Partition the unit segment (between O and I) into 4 pieces and shade the 2 pieces marked off 
, successively from 0. Following the pattern already established, associate the number pair ^ with 
the non-zero endpoint of the first shaded piece and the number pair with the non^zero 
cndpouu of the segment composed of the two shaded pieces. Note that this point is also at P. 

I'artition ^he unit segrn(;nt into 6 pieces and sluidc the first ^ pieces from 0. r6!K)wing the pattern 
of associating number pairs with the endpoinLs of pieces of the unit segment, one finds that is 
associated with the point at P. 

Partitioning the unit segment and associating number pairs with the endpoints of pieces results in 
the following figure. 



2 

3 
6 



H — I- 



I 
I 

4 

6 



2 
2 

4 

4 

6 
6 



Al.t,his point in the class discussion it is probably a good idea to ask, *'Wliat about the point at 0'.^ 
Wliat luimber pair ckscribes the number of pieces marked off from zero'^*' Wlien partitioning the 
unit segnient into 2 pieces there were 0 shaded pieces from 0. Thus ^ is the number pair assigned 
to that point; when partitioning the unit segment into 4 pieces, ^ is the number pair assigned to 
that point; and so c)n. 

Continuing activities ui partitioning Jlie unit segments into 8 pieces, 10 pieces or 12 pieces and 
shading 4 pieces, 5 pieces or 6 pieces, respectively, from the zero-pcunt will result in this figure. 
(Some of the markings :ire omitted,) C 



IS 



I 



0 / 



* 1 



0' 
2 

0 
4 

0 
6 

0 
8 

C) 

io 

0 

i: 



1^ 

2 

2 
4 

1 
6 

4 

5 

10 



2 

4 
4 

6 

8 

IQ 
10 

i: 

12 



\ 



Note that 



Allortheeqiiivalcni fraciionsmlhcsct | f ' T • I ' 1 ^ To ' n ' ■ " ■ [ are associated wrth 
()//(' and only one point, (lu^ same point with which the whole noniber 0 is associated. 



(b) All nt the equivalent (facnons m the set . 
witli exactly one [loinl, tlie same point with w 



24 6 81012 ) 

2 < 4 ' 6 ' T ' To * T2'--"r associated 
iich the whole ruiniber 1 is associated. 



(c) All o\ the equivalent trKtu^ns m the set 1 1 , A ^ | ^ | ^ ^ _ . ^ associated with 
exactlv one point, the pouit at IV One may ask. then, what is the numbci associated with point P*^ 
I he qiiestiini implies there i'.X(7cr/y i ^nc mimher corresponding to point P. 

It seems reasonable to dehne the set | 2 - | , | . ^ . ,^ , ■ ^ • | to be the unique number 
iKssociated with the [loini V on [fits numher line. In tact, the set is called (he rational number 
assDciated with V and can he icf>rescnted by anv one ol the numbers of the set. Tliat is, the ordered 
, miinhcf .pair ~ represents the same number as does the mmihei pair ~ or ^ . Pupils should 
tio( he [>enali/ed h>r wriim^ I oi any other traction in ibe set rathJr than y as answers to 
exoKises involving: (his pai tKular (aimnal mmibei . unless thev have been directed to write the 
solution in basic Iraction form ox in luuesi teims. hi that case, they shcniid understand that they 
aie expreicd \o select an eiimvalen! nmnher pair in which the two mimbers (that is. the numerator 
and dcirominatoi ) are relanvdv pnnie to each other or. in otlicr words, have rio common factor 
olhci thari 1 (iHie). 

V Othei activities similar lo the above should he [uovided, Pu(m1s should have a number of experi- 
ences in which tlie> 

(a) pai lilmn unit segmeii (s on a numher hue and 

lb) deteimine the inliniif sci of equivalent ti:iclions assouatcii with each of the points determined 
l>\ the paititions 



Example 



0 

0 

? 

I 

I 

6 

3 

I 
f 
I 
I 

0 
4 



1^ 



2 
4 



I 
4 



1 



I 
I 
I 

3 

? 

I 
I 



4 

3 



0 ! I 



3 

I 
I 



6 
4 



7 
4 



2 



7 

3 



9 
4 



5 



10 
4 



8 

3 



Pupil's attention should be called to those particular infinite sets that are associated with the same 
points as are the whole numbers, fhen one can say the following. 



, J 0 JL _0_ J0_ Jl 
I ' 2 ' 3 ' 4 ' 5 



2 = 



_5_ ^ 
5 ' 

5 



3 = 



4 



Jl 
5 



In general, for all whole numbers a, 



2XA 3XA 4XA 5XA 



and one may select any member of the set to represent the whole number, 

27. Activities involving decimal fractions might begin with examination of sets of equivalent fractions 
such as those below and the question, '*Wliat sets contain Tractions in which the denominator is 10 
or 1 00 or 1 000 or some other power of 1 0'^" 



B = 



C = 





2 


3 




5 




6 


' Ti ' 


IH ' 


24 ' 


30 ^ 




_L 


2 


3 


4 


_5_ 




5 


To ' 


15 ' 


20 ' 


25 ^ 


30 


J, 


*) 


3^ 


4 


J_ 


_6 


3 . 


6 


9 


12 ' 


15 ^ 


18 



D 



H 



I = 



i 1 


2 


3 


4 


5 


6 


1 ^ 


4 


6 


8 


10 


12 














- 1 — 


A , 


_9 , 


11 


. 11 


18 


~ 1 5 


10 ' 


15 ' 


20 


25 


' 30 


) ^ 


4 


6 


8 


10 


12 


1 ^ 


6 


9 


12 


15 


18 


1— ■ 




9 


Jl 






1 


8 


12 ' 


16 


' 20 


' 24 


= I 5 , 


10 


15 


20 


25 


30 


1 6 


12 


18 


24 


30 


36 


_ ( , 


2 


3 


4 


5 


5 


" IT' 


2 


3 


T ' 


T ' 


T 


= H' 


8 


12 


16 


20 


24 




6 


9 


12 


15 


18 



Sbme pupils may need to generate more fractions in each of the sets in order to determine the 
following. 

In A, there are no decimal fractions. 

1 n /' 2 20 200 

In B, there are /-—^^ — ^ • • • 

In C, there are no decimal fractions. 





50 


500 


10 ' 


100 


1000 




60 


600 


10 ' 


100 


1000 



In F, there are none. 

75 750 



InC,lh«e.K 

In H, there are none. 

, , . I 10 100 

Inl,thereare J ' 7^ ' ^ * ' " 

In J, there are none. 

• 1 

Pupils should be told that fractions in which the denominators are 1 or 10 or 100 or 1000 or a 
power of ten (that is, 10^ where n is a counting number) are called decimal fractions . 

* 

After pupils have found the sets which contain decimal fractions, they should be asked to try to 
find a rule or test for deciding whether or not any given fraction is equivalent to a decimal fraction. 
They should notice that for some fractions ip basic fraction form, for instance, -|- , ~ , JL ^ 

there are equivalent decimal fractions, while for other fractions such as -L J- A A i. 
there are none. (Note that basic fractions having denominators of 1 , 2, or 5 or powers of 2 or 5 or 
products of powers of 2 and 5 are the only fractions for which there are equivalent decimal 
fractions. Pupils should be encouraged to discover this test for themselves.) 
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28. To introduce alternate notations for fractions other than the ratio-like form (read "a over/)"), 
pupils could be asked to find a test for deciding whether or not a given fraction such as y belongs 
to one of the following categories. 

(a) Fractions less than 1 . 

(b) Fractions greater than 1 and less than 2. 

(c) Fractions greater than 2 and less than 3, 

Pupils' prior work with segments of the number line should help. For instance, in examining 
number lines such as those in activities 25 and 26, pupils will probably describe the segment 'whose 
end point is associated with y with phrases such as- 
More than I and less than 2 unit segments; 
-y of a unit segment more than 1 unit segment; 



1 and 



more; or 



1 plus I . 

It will then seem reasonable to introduce the idea that another. way of expressing the fraction -5- is 
to say or write *M + y" or, using the conventional shorthand way of writing that relationship, 
y = I y. The numeral *'l y " is called a A^iixe^^ ^tvmera/ and is just another way of naming the 
fraction y . 



29. Still another numeral form for fractions makes use of the place value scheme for writing numerals. 
Tlie following activity provides readiness for writing fractions in decimal natation. 

Write the following sequences of numbers and related questions on the board. (Note that the three 
dots . indicate an unending sequence in the direction of the three dots.) 



(a) 1, 10, 100, 1000, 10,000, . . . 

(b) . . . 10,000, 1000, 100, 10, 1. 

(c) 10^, \o\ lo^ lo^ lo^'!o^ . . . 

(d) . . . 10^ 10\ 10^ 10^, ]0\ ]0^. 



( 1) In which sequences are llie numbers increasing? (a and c) ^ 

(2) In which sec|uences are the numbers decreasing? (b and d) 

(3) Wliat arc some of the otlier numbers in' tlie sec]uences? 

(4) Wliut is tlic pattern of incrqase from left to right in sequences a and c? (Multiply each term by 
10 to gel the next term.) » 

(5) Wliut is the pattern of increase from right to left in sequences d and b? (Multiply each term by 
1 0 to get the next term.) 

(6) Wliat is tlic pattern of decrease from l?t"t to riglit in secjucnces b and d? (Multiply eacli ternl by 
to get the next term.) 

(7) Wlierc else have you seen and used secjucnces b or d? (See, below) Pup^ils may more easily 
recogni/e the secjueiiees d and b if the teaclier draws in short vertical lines as illustrated here. 



10,000 


1000 


100 


10 


10" 


10^ 


10^ 


10' 



10" 

Tlic sequences arc, of" course, the same as tlH)sefound in tlie hcadmgs of place value charts. Afierx 
pupils are skillful in generating inembers in the above sequences, then they should consider the 
following sc(|uences. 



. . . , 10,000, 1000, 100, 10, 1, . . . 

.... 10^, lo^ lo^ io\ 10^, \ . . 

t 

Ask the questions, "How do these sequences differ from b and d?" (The three dots indicate the 
sequences are non-ending in both directions.) *'Caji you find other numbers which belong in the 
sequences to the right?" 

Answers are as follows. 



10,000, 1000, 100, 10, I, , , , . . . 

10 100 Tooo 

\0\ \0\ \0\ \0\ 10°, \0-\ 10-^ I0-^ . . . «r 

\0\ \0\ \0\ 10, 1, ^, _!, _L , . . . 

10 10^ 10^ 



(The teacher should not expect all pupils to be able to use all of the various notations for integral 
powers often. Teachers will know which notations are most appropriate for their pupils.) 

The ne5ct step would be to extend the place value chart just as the above sequences were extended. 
If pupils are secure in their knowledge of the place value scheme of writing numerals it could be 
challenging and fun to play around with extending the chart and deciding on some rule for reading 
and writing numerals to represent, for instance, the following count of places in an extended place 
value chart. 



1000 100 10 1 10 100 



Reading the count of places is easy- "3 thousands 1 hundred 2 tens 6 ones 5 tenths 4 hundredths." 
However, in writing the numeral without the place-value labels of the chart, the pupils would write 
"3 1 2 6 5 4," which is 312 thousand and some, not the number in the chart. The teacher should 
ask questions which help pupils recall that in reading and writing numerals they have generally 
looked first at^the digit in the one's place. That is, the one's place is the reference place to which 
one looks in deciding how to read or to write numerals. Thus, some sign is needed to mark the 
one's place. Perhaps the pupils can invent some sign, say X, and write 3126 X 54 (read **3 thousand 
1 hundred twenty -six and 5 tenths 4 hundredths.") 

The teacher may leave the problem of reading "5 tenths 4 hundredths" in a more conventiojnal way 
and of telling about the conventional mark for the reference place until after the foUowing activity. 



/ 



The teacher could say, "Let's consider the fraction ■ . What is another way to write or name 
this number?" Ifthe response is "(13, 10)" or " || or " or "any member from the set 

I -LI , ^ ^ -|2 ^ . . ^ I /' the teacher should acknowledge the correctness of the response and 
continue to repeat the question. Someone will recall the mixed numeral form "1 Questions 
may be asked to elicit the responses "1 or "1 al«). The question ^ouW be repeated 

for the fraction y » Correct responses would include T'T»To' ^T'^T'^To: 
like. After repeating the question for other fractions; such as ^ , and , the teacher 
could ask, "Do any of these numerals name 'decimal fractions? How about the mixed numerals? Do 
any of them name a decimal fractitjn?" Correct responses include the following. 

130 , 3 , 30 ^ ^ J 

100 10 100 

\ 

^ ^ . w 150 ' , 5 , 50 ' "1 



1 1 


1 'J 


1 n 
lU 


1 r\ 
lU 


3 


: 11 


2 


10 


_9 


' 225 


4 


100 




: 36 


10 


10 


68 


: 136 


5 


10 



100 > 10 100 

For -T 7^ ' • • • » 2 



25 
100 



360 ^ 6 

100 ' 10 



6 



13 . ■ . - 

10 • 

Conversion from fraction form to mixed numeral form depends on recognizing that any fraction 
may be written as the sum of two other fractions. For fractions greater than 1 (one), the pupil 
should find two addends such that one of the addends is less than 1 and the other addend is 
equivalent to a fraction of the form-f , where a is a whole number. Then, according to the 
agreement in activity 26, one may write the whole numbers for the fraction^-. For instance, 

= 3 - 3 

1 + — 1 — 
10 10 - 

4 4 

f 

21 = ^ + ^ = ^ 11 ^ 
100 100 100 

It is an important skill to be able to write a given fraction as the sum of two other fractions. The 
only other skill a pupil needs to convert a fraction numeral to a mixed numeral is a skill in 
generating equivalent fractions. Until a pupil has studied the operation of division on fractions 
there is no mathematically sound rationale for interpreting the number pair ^ ("9 over 4") as 
9-r4, or the number pair as 36 -r 10. 

After pupils are skillful in (a) identifying those fractions equivalent to decimal fractions, (b) 
determining the equivalent decimal fraction and (c) converting decimal fraction numerals to mixed 
numeral form, it is appropriate to introduce a place value chart such as 



13 = 






1 = 




+ 


2 


10 


10 




10 


1 




10 


9; = 




+ 




2 


+ 




4 


4 




4 


1 




4 


225 = 


200 


+ 


25 




_2_ 


+ - 


100 


100 




100 




1 







1000 


100 


10 


1 


• ■ / • 
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and ask, "Suppose we continue the pattern to the ri&Wl in the place value chart. What would the 
place 4fcadings be?" Some will recall from the readiness activity that one could extend the place 
value scheme this way, , 









9 










• • • 


1000 


100 

•r 


10 . 


1 

z 


1 

10 


100 





Then ask, '*How about using the new place value chart to write a place value numeral instead of the 
mixed numeral 13^ Pupils should respond with 





10 


' X 


1 

10 


or 













(read ''thirteen and 6 tenths). 



Continued use of the new place value chart to convert mixed numerals to place value numerals 
should not only reinforce the imp.ortai>t idea of place value but also develop insight into the use of 
place valu£. lepresentation of fractions. Such place valuQ representations are commonly called 
decimal representations or decimals. Of course, teachers wUl explain that in the United States on$ 
uses a dot callecj. the decimal point to. mark the reference place, that is, the one's place. Teachers 
should ask their pupils to find out what symbols other nations (such as the English or the French) 
use to mark the reference place in writing numerals^ 



To introduce place-value or decimal representations of nonndecimal fractions, a teacher might ask 
his pupils how they think the fraction numeral i- or the equivalent, mixed numeral 1 ^ could be 
written using the new place value chart. 

(a) If pupils know how to generate the set of fractions equivalent to -|- in order to find an 
equivalent decimal fraction they will start this way 



10 

6 



11 
9 



20 
12 



15 



30 
18 



35, 
21 



(b) The more able and sophisticated student will probably Jse the test for equivalent fractions in 
this way. 

Suppose there is a whole number N so that i- = il . 

Then 5 X 10 = 3 X N. However, there is no -whole number N such that 50 = 3 X N. Thus, there is 
no equivalent decimal fraction with a denominator of 10. Then he may try letting i- = J^L. 
Then 5 X 100 = 3 X N. But there is no whole number N such that 500 = 3 X N. Thus, there^s no 
equivalent decimal fraction with denominator of 100. 

(c) Other pupUs may reason this way. "If i- is equivalent to then there is so^ie number 
that 1 can multiply 3 by so that the product is 1000, and then I can^multiply 5 by the sa?rie number 
and that product will be N. That is 5 X □ ^ U . What number goes in U 

3 X LJ " 1000 ■ V ; 

iThere is rfo whole nijmber that multiplies by 3 to give the product 1000.) 



Continuing in at}y of the methods available to them for trying to find a decimal fraction equivalent 
y should convince them that,neither -|- nor 1 can be written in decimal fraction fojrm. 



to 



At this point in the study of decimals, the teacher can use the pupil's experiences with linear 
measurement , •and his knowledge of the practical or applied use of decimal representations for 
certain measures. For instance, in applications to the real world one often finds it necessary to 
record measurements in decimal form. For instance, one may wish to write 1 -|- yards in decimal 
notation. In that case, one Settles for an approximation to the actual measure. In the case of 
fractions -|- , -i- , ~ , and all other non-decimal fractions, it is suggested that the question 
of how to reprcseitf^these fractions as decimals be approached through a method of successive 
approximations, as uRistra^d here. Consider fraction -i- . 

^ow 

• 0.3 = ,-^ and-]-> 



333< 



1 



10 • 






33 ^ 
100 


10 




333 ^ 
1000 


100 




10 


3333 ^ 
10000 


333 . 
1000 


33 


100 



0.333 =— ^ and -> 

n-x-x-x^- 1121 H • ^ 3333 333 . 33 . 3 

Tlie decimal fractions -j^,^,^,^^ get closer and closer to i-, since 

3^10^"" 3 10 30 30 

_L>J[I ._L_J[3_ 100 ^ 99 L 

3 100 ^"^ 3 100 ~ 30Q " 300 ' 

1 333 . 1 333 1000 - 999 1 

,r>r./> aiVd ~ ^ 



3 1000 3 1000 ' 3000 3000 



1 V 3333 . 1 3333 10000 - 9999 1 

and — ' ^ ~ 



3 10000 3 10000 30000 30000 

The differences grow smaller, and although one cannot write as true statements about number that 
T ^ i^°''T" l^^""!" ^ iW' agrees tl^t i- can be approximated by -1 

or 0.3; that an even b^etter approximation to y is ~^ or 0.33; and successive approximations 
to y differ from — by less and less. In applications tp the real world rational'approximations to 
-J- are selected according to the degree of error or goodness of the approxin&tion one is willing to 
accept. ;. J ' 

After pupils have studied division of fractions and can justify the algorithm "^"^^^^ 
aXd , where a, b, c and d represent non-zero counting numbers, then one can argue as follows^ 
bXc 

For all non-zero counting numbersp and q, p -rq can be written in rational number notation as^^ 
5- and, using the division algorithm,-^ "^x'^f » fraction (or rational number)^ can 

be interpreted as p divided by q. (See the strand on Operations, Their Properties and Number 
Theory.) 
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Once pupils have acquAu' the quqtient concept of rational numbers, then it is possible for them to 
determine (a) non-termiftating decimal notation for aU rational numbers, including the non-decimal 
fractional numbers, and-(b) terminating decimal approximations to the nearest specified place. See 
the chart for instances of non-terminating decimals and decimal approximations for selected ra- 
tional numbers. ^ 



Rational 


Non-Terminating 
Decimal Notations 




Decimal Approximatiotls 




Numbers 


To Nearest Tenth 


To Nearest Hundredth 


To Nearest Thousandth 


1 

3 


♦0.3333 . . . 


0.3 


0.33 




2 

1 , 


♦0.285714285714 . 


0.3 




0.?86 • • 


1 

8 


♦0.125000" . . . 


0.1 


0.13 


♦0.125 


1 

6 


♦0.16666" ... 


0.2 


0.17 


0.167 


12 


♦0.5833T . . . 


0.6 


0.58 


0.583 


5 

1\ 


♦1.66666" . . . 


1.7 


' 1.67 


1.667 


253 
100 


♦2.53000" . . . 


2.5 


♦2.53 


*2.530 



♦Only in these cases does one say that the given rational number is equal to the rational number in decimal 



notation. 



obj. 
14,18 



In other cases one says that the given rational number is approximately the same as the rational 

number in decimal notation. 

Examples 

~ is approximately the same as 0.17 
(to the nearest hundredth) 



6 



= 0.1666 



_1 
8 

8 



= 0.12500 



= 0.125 



or 



is approximately the same as 0.1 
(to the nearest tenth) 



33. The teacher should occasionally check-^) on his pupils' awareness of the many'interpretations ol 
ordered pairs of whole numbers. He may use as simple an activity as writing -A on the cfialkboard 
and saying, "What do you think that means? Make a sketch, write a sentence or demonstrate in 
some way at least one meaning foj- the symbol." Possible responses are as follows. 

(a) 8 crayons cost 15 cents (rate-pair interpretation). 

(b) 8/15 is another way of writing the date, August 15 (ordinal pair interoretationf^ 
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(c) -j^ is associated with this partition of a rectapgulaf^^isc (fraction interpretation). 




(d) 8 boys out of the 15 boys in our class are in the band (ratio interpretation). 

(e) Ys is the quotient of 8 and Y5, or 8 -f 1 5 (quotient interpretation). 

After the class examines the many interpretations proposed, the teacher should ask, *in which of 
the contexts could the number^^r be considered a rational number?*' (Answer: The fraction, ratio 
and quotient interpretations.) 

The teacher should also check-up occasionally on the understanding that there are several different 
numerals which represent the same rational number. For instance, the numerals , 3 ^ ^nd 3.4 
all represent the same number, as does the infinite set | ~ , , -|~ , . . . | The choice one 
makeywith regard to the numeral form one uses to express a fraction or rational number generally^ 
depends on the use or application one wishes to make of the number. 



Integers . ' 

34. Have the pupils record the results of placing a thermometer in liquids which will cause the thermo- 
meter Xo fluctuate. Be sure that it is placed in a liquid which will cause the temperature heading to 
drop ^to below 0°C. Such a liquid would be a solution of water and alcohol whidn has been 
refrigerated and cooled below 0°C. Encourage the pupils to discuss the measures of temperatures 
lower than 0°C. 

{ • ' ' 

35. Another activity enabling pupils to have experiences which^involve positive and negative integers is 

the postman game. The game involves pupils being homeowners and one pupil acting as postman. 
The postman delivers checks- and bills. Each homeowner keeps track of income and outgo by 
treating the amounts oa checks as positive numbers and amounts on bills as negative numbers. The 
game can be expanded into the study of operations on integers as the postman becomes confused 
and delivers the wrong mail to several people. (The teacher can find descriptions of this game in 
ieferences.Iisted in the bibliography.) 
V 

36. T% elevator game appeals to many pupils as a way of thinking about positive and negative integers. 
A building has 4 basement fioors and 10 floors above street level. The pupils take turns telling the 
elevator operator where they want to go by naming a positive or a negative integer. The game can 
also be extended to involve operations on integers if each pupil tells the elevator operator 2 
numbers and notices his position relative to the street fioor after combining the two trips. 

37. A game could be played with all pupils standing on a stair landing. Each pupil draws a slip of paper 
telling him to go up 5 steps, down 9 steps, up 4 steps, down 4 steps and the like. In this activity the 
teacher should ask questions to develop the idea of opposites. The pupil should see that since the 
*4(up 4 steps) followed by "4 (down 4 steps) lijaves hihT^n his original position, that "*"4 and "4 are 
opposites, that is, that "4 is the opposite of ^4 and *4 is ific opposite of *4. 

38. If a pupil has had many experiences with the number f^ne he could be asked to consider a number 
line that looks like this. 



i » I t < — I i I 8 t r 



1 



I I t t 
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Ask him Jo fill in other numbers for the indicated pjjints on the line so that he has a chance to 
suggest "1, "2, ind '3. The number line provides an excellent opportunity for developing the 
concept of opposites. Given a number line with unit segments to the right conesponding to steps to 
the right, and unit segmenU to the left conesponding to steps to the left, the teacher should ask 
questions such as the following. 

(a) What is the opposite of 2 steps to the right? The opposite oi" *2.is . 

(b) What is the opposite a( 5 steps to the left? Then the opposite of "5 is 



(c) What is the opposite of 0 steps to the right? The opposite of 0 is . (Help the 

•pupils sec that zero is different from other numbers in that it is its own opposite.) 

(d) What is the set of opposites of the whole numbers? The student may write this as i . "4 "3 
'2^2,0} • ' 

(e) What is the set of numbers that arelhe opposites of the opposites of whole numbers?to, *I *2 
*3/4,...[ < ♦ • 

Tell the pupil that the union of these two sets is the set of integers.|. . . , "3, "2, "I, O/l [ 

39. Pupils themselves can suggest many activities involving the recording of gain and loss, such as the 
number of yards rushing in football games, net profit or net loss in business and similar examples. 

40. I Have the pupils locate places on the map that are above and below sea level. They can describe the 

locations using integers. 

41. An activity that will appeal to older pupils is the use of a model from science in which the drawings 
represent an empty field, a bucket containing positive particles and a bucket' containing negative 
particles. As the pupUs place positive and negative charges into the field they will observe the 
results of combining particles of opposite charges. This gives the teacher an'opportunity to empha- 
size the word opposite as it relates to the integers. The concept of neutralization adds much to this 
activity. The pupil may draw a circle around the neutralized particles (t) and this gives insight into 
combining or adding integers. An activity of this^ype can be found in the strand Operations. Their 
Properties and Number Theory. 

42. As the pupils study the set of integers have them discuss various subsets such as the following. 
All integers n such that 

(a) n>3 ^ ^ (On>0 

(b) n<2 (g) n > 0 

(c) n>"2 ^ (h)n<0 

(d) n>"3 andn<*5 (0 n < 0 

(e) n>"3or n<*5 (j) n > 'I and n <*I ^ 

Tell the pupils that the set described in (Q is t>ie set of positive integers; the set described in (g) is 
the set of non-negative integers; the set in (h) is the set of negativfc integers; the set in (i) is the set 
of non-positive integers; and the set described in (j) is the set whose only member is zero. 

Give the pupils various subsets of the integers, and ask the pupils to place the integers in each set in 
order from least to greatest. / 

Examples 

1*3,-3.*! f is {-3.*l/3f 
{O. -2,^5."3f is |-3.-2.0.*5f 
I "3. -5, '2 f is |-5. -3, 2f 
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SETS, NUMBERS AND NUMERATION 



OBJECTIVES » 

The pupil should be able to do the following. 

1. Tabulate and describe sets 

2. Pick out from a given set, subsejs. having a specified common property 

3. Identify common properties of a given set 

4. Use the language of sets to describe and organize information 

5. Read and write large numbers using period numeration 

6. Translate large numbers into expanded exponential form 

7. Demonstrate place value by using .another system of numeration 

8. Name the ordered pair of whole numbers associated with fractional ^ts of (a) units, (b) sets 



^t! 

9. Discriminate between an ordered pair of whole numbers used in a We context and an ordered pair of whole numbers 
used in a fraction context - . 

10. Generate a finite number of members of the set of equivalent fractions to which a given^fl|^ion belongs 

1 1 . Determine if two ordered number pairs are equivalent to each other ^ 

(a) By inspection of sets of equivalent number pairs 

(b) by using the test for equivalence- if O; b. c and d are whole numbers, b ^ 0,d ^ O, then r" = 4 if and onlv if 
a Xd ^ b X c 

12. Identify the set of equivalent fractions associated with a given point on a number line 

13. TeU whether or not a given fraction is equivalent to a decimal fraction 

14. Record fractions 

(a) in basic fraction form 

(b) in mixed numeral form 

(c) in decimal notation , , 

15. Find rational approximations in decimal notation, to the nearest tenth, to the nearest hundredth and to the nearest 
thousandth for given rational numbers using 

(a) the process of successive approximations 

(b) the process of long division 

16. Find non-terminating decimal representation of given rational numbers 

IT. Discriminate among the interpretations of rational numbers as used in the context of fractions, of ratios and of 
quotient^ of whole numbers. 

18. Identify and describe everyday situations which exemplify or require the use of directed numbers 

19. Construct the set of opposites of the whole numbers and the opposites of the opposites which together form the set of 
integers 

20. Order any two or more given integers 
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OPERATIONS, THEIR PROPERTIES AND 

NUMBER THEORY 



INJRODUCTIOH 

The purpose^ of thi^ s^J^^^ two-fold. One \^ to buUd the concept of operations and their properties, and the other is , to 
develop interest in nurt^^^^ ^'^^^^^^'^^hips through number theory. 

In this guid6 th^ ot^r^^*^"^ ^^'r properties are separated from the algorisms or computation. The distinction between 
operations and \\xe^t p^^^^erties and computations is an important one. An operation is a particular association of a certaiti 
member of a set ta ^ p"^^^ numbers of the set. Computation is the manipulation of numerals to determine*t^e number 

that results (roxticOx^bi^H "Umbers by^gans of an operation. 

Operations and pf^Perties in the guide are studied in terms of their meanings. The chiJd is introduced to each of the four 
fundamental op^ra^ot'^. arithmetic through sortie physical situation. The initial interpretation of the operation is derived 
from the physic^ sl^iia^^^n. 

The concept of ni^hil^^ operations evolves from two main physical sources-- one is the number associated with sets of 
discrete objects, aHJ other is the measurement of continuous quantities, therefore, the activities in this strand are 
concerned with ^^t^ (di^^'"^^^) ^nd the number line (continuous). 

In using the operation^' V ^^'^ "lust know which is applicable to the situation in the problem at l^d. For example, the 
i number pair 6, 2 c^n 17^ Associated with 4, with 8, with 3, or with 12. The child must select the appropriate operation for 
solution of his pti>blefT^ situation, and h^ must know which number is associated with the operation. 

The four fundan^^nta) ^^P^raUons With integers or rationals carTnot always be introduced to the pupil using physical situations. 
TheMjTcjre.^eparat^ ac^j^^'^^ needed to introduce the child to an interpretatiqri^of these operations for these sets of 
nunil^lps. ' As with \vh^ ^ """^^^''s, writing symbols for the operations is more effectively^ understood by the child after 
generalizations l^^y^ b^^^ firmly grasped. For exaifnpje, to'be able-to write *3 - "5 = "2 with understanding the child must 
have experience V'ith it^^^^P^^^*"^ ^ Physical situation such as - if one goes east three miles C 3) and then west five miles ("5), 
his location is thgn ^\^/0 "^^^s west of the place he started (""2). 

After acquiring b^si''' J^^derstanding of operations^? number system, the pupil may use this knowledge to explore number 
ideas through ny^tv^ei - '^prking with operaft<)ns one begffis with a pair of numbers to which a single number is 

assigned by a Sped fjc /operation; in studying number theory one encounters such experiences as looking inside a single 
number and study^iOg tH^ relauonship between numbers of a particular set. For example, one may look closely at the single 
number 49 to fir^ci a^sv*' to.questions as - Is it a prime number? Is if an odd number? Is it a square number? The child may 
also investigate nuf^be^ Patterns m order to recognize numerous relationships of numbers - for example, extending patterns, 
skip counting, ci^s5ifyi^8 numbers as odd or even, prime or composite, and many other topics included in typical modem 
elementary mathein^tii^^ textbooks. 

Investigating, nutiib^i-s^"^ number patterns provides more chaUenging'and appealing activities for a child to use in learning 
mathematical conc(?bts ^^^ic acts than the traditional drill activities or practice exercises. The study of number theory is 
especially interesting in ^ solution to one problem very often becomes the basis For another problem. 

In modern textb^^oKs r^^^^ber theory is treated as a separate topic. In others the concepts are included under topics such as 
multiplication ofwhol^ nunibers^It is important for the teacher to see that concepts (if number theory should be taught as a 
foundation fo^^th^r c^'^^P^^- ^''^ example, the study of least common multiple ivould be necessary before addition of 
certain rational numbei^* ^ 

In the early grades the ^^^^^^ ^^^^^^^ ieam about properties of operations by manipulating objects and observing the number 
relationships on wh«^-h ^ ^ P>r^pe/t»cs are based. Ii is not as impoftant for him to know the names of the properties as it is-for 
him to apply thetn ^hei^ Appropriate, in the upper grades the pupil should be able to identify the properties by name. 
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OPERATIONS, THEIR PROPERTIES AND 

NUMBER THEORY 



Objectives 
Keyed to 
Activities 



obj. 

3, 

!2a 



ACTIVITIES 



Number Theory ' 

I. The teacher may mimeograph or make a transparency of the table below. Say to the pupils and 
^ point to the rows, columns and diagonals, "Row^ go across, columns go down and diagonals fctiiow 
oblique lines." (Be sure they understand.) "Look it the third row." "What can you say about the 
numbers?" "What "can you say about column seven?" "Do yoiTsee a relationship of the numbers?" 





0 


I 


2 


3 


4 


5 


. 6 


7 


8 


9 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


I 


0 


I 


2 


3 


4 


5 


6 


7 


8 


9 




0 


2 


4 


6 


•8 


10 


12 


14 


16 


18' 


3 


0 


3 


6 


9 




15 


18 


21 


24 


27 


4 


0 


4 


8 


12 


16 


20 ■ 


14 


28 


32 


36 


5 


0 


5 


10 


15 


20 


25 


30 , 


35 


40 


45 


6 


0 


6 


I? 


18 


24 


30 


36 


42 


48 


54 


7 


0 


7 


14 


21 


28 


35 


42 


49 


56 


63 


8 


0 


8 


16 


24 


32 


40 


48 


56 


64 


72 


9 


0 


9 


18 


27 


36 


45 


54 


63 


72 


8! ' 



Beginning with one in the upper left corner, circle the diagonal numbers. Ask, "How are the circled 
numbers related to the numbers in the first row? in first column?" "What is the product when one 
factor is zero?" "Look at the top row of numbers. Multiply the number in one row by the number, 
in each column. Cross out the tiumbcrs of 7. Underline the multiples of :2." Show how the 
commutative property of multiplication applies to the number pairs. (3 in column 1 , and 5 in row 
1 , also 8 in column 1 , and 7 in row 1 .) 

Look at 3 in column 1, and 2 in row 1. **What is the prdduct?" Look at 5 in row 1, and 4 in 
column 1 . "What is the product?" "Are the products odd or even numbers?" Look at 4 in row 1 , 
and 6 in column 1. Look at 8 in row 1, and 2 in column 1. "Is the product an odd number or an 
even number?" "What can you say aboij^{a) the product of two even numbers?, (b) the product of 
two odd numbers?, (c) the product of an odd and an even number? **Circle with a red marking 
pencil all the even numbe^f in the table." "Circle with a blue marking pencil all of the odd numbers 
in the table." Ask, "What is the interval between numbers in the vertical column?" Ask, "What is 
the interval between numbers in the diagonal column?" 



2, As a device for further illustrations of operations with whole numbers, the teacher may make 
mimeograph copies of the calendar such as the following. 



A 7's Calendar 



Sun. 


Mon. 


Tues. 


Wed. 


Thurs. 


Fri. 


Sat. 




1 


2 


. 3 


4 


5 


. 6 


7 


8 


9 


10 


11 


12 


13 


14 


. 15 


. 16 


17 


18 


19 


20 


21 


22 . 


. 23 


,24 


25 


26 


27 


28 


29 


30 


31^ 









Ask pupils to study the arrangement of the numbers looking for patterns. Ask in particular for the 
pattern for the numbers in the first column; the pattern for column four; the pattern for a diagonal. 

Twenty -eight minus what number equals 22? Twenty-two minus what number equals 16? 

16 - ? = 10. 10 - ? = 4. Ask pupils to discover other patterns. Also make bther calenda 



lars. 



3. The teacher may illustrate the magic square using the illustration below. 
Magic square using numbers 1-9 



4 


3 


,8 


9 


5 


1 


2 


7 


6" 



Find the sum of each row of numbers; of each column of numbers; of each diagonal line of 
numbers. Asl^ if the sum was the same in every case. Make duplicate copies bf squares. Ask pupils 
to try rearranging. the numbers and add again. What happens? 

Uie a magic square using numbers two through ten, such as the following. 



9 


4 


5 


2 


6 


10 


7 


8 


3 



What is the sum of each row? Each column? Each diagonaJ? Add' in opposite directions.' What 
-happens? ; ' 

Illustrate by using the overhead projector or draw on the chalkboard a 4 by 4 magic square using 
numbers 1 through 16 as follows. 



16 


3 


■ 2 


13 


5 




11 


8 


9 


6 


7 


12 


4 


15 


14 


1 
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Ask pupils to find the sum of the numbers in row two, the sum of the numbers in coh»mn three and 
the sum of the numbers on the diagonal beginning with 16. Reverse the order of the addition. What 
happens? 

Ask pupils to draw other 4 by 4 squares using numbers 1 through 16. Is the figure thus formed a 
magic square? 

4. A game of dieckers may be used to reinforce number combinations. Regular rules for checkers niay 
be used; however, the red and black discs are numbered as shown on the diagram. Pupils score this 
game by adding the numerals on the checken as jumps are made. For example, if a red 4 jumps a 
black 6, the red scores 10. A double jump would cause the pupil to add three numbers. When a 
checker reaches the King row, it doubles in value. The player with the highest total score wins. 
Different numerals may be used according to the drill that is needed by pupils. This game may be 
adapted to multiplication, also. 




5. Another model for a Cartesian product may be formed by using strings of two different colors. 
Example 

red 1 I L 1 I 

red 2 

«D (fl IQ UB lO J 

i 1 i i 1 

— ru Ck) ui 

Pairing 2 red strings with 7 green strings gives 14 combinations. Ask the pupils to name the points' 
, of intersection by stating ordeied pairs of the strings. Some examples are 

\ 

(Red 1, Green l),(Red 1, Green 2), (Red 1 , Green 3), etc. 

6. Prepare a worksheet or transparency using the following suggestions. 

a. Circle each of the even numbers in set A. 

A={6,9,10,4,ll,12J5,16,17,20f ' * . 

b. Express each of the even numbers in the set as the product of 

2 and some counting number. For example, 6 = 2X3 * 

Pupils should work together to solve problems using concrete materials. They should be encouraged 
to discuss the question **I>o you think every even whole number can be expressed as 2 times some 
whole number?" ; 



obj. 7. Develop a class discussion around the following suggestions. 

2,3 

a. Circle all of the odd numbers in set B. 
B=| 1,3,3,5,6,7,9, 10, II, 12^, 14, 15 } 

h. Express each odd number in set B as the sum of an even number 
at . For example, 3 = 2+1 

c. Can you find an odd number which is not one more than some 
even number? 

obj. 8. Prepare ditto sheets with problems such as those, suggested below. 

3 \ ^ ■ 

a. Write numerals in the frames to make true sente«ces. 

2 + 2 = n 2^+6=n 1^ 

0 + 8 = n 4 + 4^n 

4 + 2 = □ 6 + 4 = □ 

b. vAre all the addends even or odd? 

c. Are all the sums even or odd? 

d. Can you find two even numbers whose sum is an odd number? 

obj. 9. Prepare ditto sheets or a transparency to use as a basis for class discussion. 

2,3 \ 

a. Write numerals in the frames to make true sentences. ( 

1 + 3 = n 5 + 3 = n 

5 + I = □ 5 + 5 = □ 

3 + 3 = n i + 5 = n 

b. Ail the addends are (odd, even) numbers. 

c. All ,tl]te;^rns are (odd, even) numbeis, 

d. you'find two odd numbers whose sum is an odd number? Try! 

e. Can you guess which seems to be true from the above observations? 

f. Within a single sentence all frames of tHe same shape represent 
the same number. Classify each expression as even or odd, if 
possible, and justify your answer in each case: 

□ + □ A+ A+A+ A 

A+ A+ I A+ A+ A 

' 10. a. Cut strips of light weight cardboard. (Old manila folders are a good weight.) Make strips 2 by n, 

2,3 where n is any natural number. 




35 



This strip represents the even number 22, 2 X 1 1. By folding accordian fashion it can be used to 
represent any even number, 2 X n. Another such strip may be u^d to represent any other even 
number, 2 X w, where m is any natural number. By joining the two strips end to end, pupils can 
demonstrate that the sum of any two even numbers is an even number. 

b. Make representations of two odd numbers from strips of paper as described above. 



(2X6)+ 1 = 13 



(2 X4)+ 1=9 



obj. 
2,3 



Let pupils use^hese models to show that 13+9 represents an even number. By folding accordian 
fashion these models can'be used to represent afty two o^d numbers less than 15 and 11, respec- 
tively, and can serve to help pupils realize that the sum of any two odd numbers an even number. 

11. Present questions such as the following to pupils to encourage them to generalize the results of 
operations with even numbers and odd numbers. 

a. Is the sum of any two even numbers even or odd? 

b. Is the sum of any two odd numbers even or odd? 

c. Is the sum^bf an odd number and an even number odd or even? 

d. Is the product of two evert numbers even or odd? 

e. Is the product of two odd numbers even or odd? 

f. Is the product of an odd number and an even number even or odd? 

After some disciission encouraj^ students to make charts of sums and products of whole numbers 
and to study the. results in order to help them make generaliziltions. 



Examples 



For question (0 



+ 


2 


4v 


6 


8 


• • • 


X 


2 


4 


6 


8 


10 


• • • 


2 












1 














4 












3 














6 












5 














8 












7 














» * 


■ f" 










9 
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12. Use a transparency or ditto copies of a hundreds square, a 10 X 10 grid. Begin with the number 1 
and numbering across to the right and back again from left to right label the squares 1-100. 

The Sieve of Eratosthenes is explained in most textbooks as a technique for finding prime numbers 
less than a given whole number, usually 100. Hence a detailed account is not needed here. The 
following steps summarize the method. 

a. Cross out 1 because it is not prime by definition. 

b. Cross out all multiples of 2 except 2. 

c. The next three prime numbers in order are 3, 5, 7. Cross out 
all multiples of 3, 5, 7, except 3, 5,7. 

d. Circle the remaining numbers. They are prime numbers less than 100. 

It is not necessary to instruct pupils to cross out multiples of 4 or 6 because they were crossed out 
as multiples of 2 and of 3. 

Discuss why you need not continue the steps above to include crossing out all multiples of 1 1 , the 
next prime number. (Axiy number less than 100 which has a factor of 1 1 has another factor less 
than 1 1 and hence has already been crossed out.) 

Make a chart of all prime numbers less than 100, and display it in the room. 



13. Develop a class discussion around the following questions. 

a. Circle the prime numbers in each set. 

aH 1.2,3.4,5,6,7,8,9,10} ^ 
B=| 2,4.6. 8.10, 12} 
C=jl. 3,5, 7,9.11, 13, 15} 

b. Cart you find a prime number that is an even number? 
Can you find an odd number which is not prime? 

Can you find two consecutive numbers that are prime? 
Can you find three consecutive odd numbers that are prime? 

c. Tell whether each of the following statements is true or false. 

1 . All even numbers are composite. 

2. All odd numbers are prime numbers. 

3. One is a prime number. 

d. How many pairs of twin primes can you find? (Twin primes are 
primes whose difference is 2.) For example, 5-3 = 2. Hence 

3 and 5 are twin primes. 



14. Ask at least 5 pupils to factor the same number. Choose numbers appropriate for the pupils' ' 
abilities from the set given. 

|54, 75, 120, 168, 225, 363, 432, 576 { 

Compare the five factorizations of each number. Were the factorizations all the same? If not, how 
were they different? Discuss the fact that the order of factors makes no differertce in the product, 
hence the pupils should suspect that every composite whole number can be expressed as a product 
_ of primes in just one way (except for order.) This fact is called "The Fundamental Thcotem of 
Arithmetic." 
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obj. 15. Can you write names for all even numbers 14 or greater as sums of two prime numbers in more 

4 thai^onc way? 

Example ^ 

14 =7+7=3+ 11 
16 = 3 + 13 = 11 + 5 

18 = 5 + 13 = 7 + 11 ^ ' J 

20 = _ +_ = _ + _ ' 

etc. 

obj. 16. Ask pupils to construct a factor tree for each of the numbers of a set such as Set A. 

A = { 24,36,42,417,225,266 [ 

Of course, immediate recall of basic facts is helpful in factoring 24, 36 and 42, but for 225 and 417 
new techniques will be helpful. How can a pupil find a factor to begin with? The committee 
recommends the divisibihty tests for 2,3,5,9 (and 7, if so desired). 

The pupil shbyld already know that all even numbers are divisible by 2 so he needs only to look at 
the ones digit to tell if the number is divisible by 2. 

Divisibility tests should be discovered by the pupils, when possible, rather than be given to them as 
rules. 

Divisibility by 3 can be determined by seeing if the sum of the digits is divisible by 3. The number 
261 is divisible by 3 since 2 + 6+1=9 and 9 is divisible by 3. 

/ A whole number is divisible by 4 if and only if the last two digits (the ones and the tens) represent 
a number divisible by 4. 

Pupils probably already know that a number is divisible by 5 if and only if the ones digit is 5 or 0. 

Divisibility of a number by 9 may be determined by seeing if the sum of the digits is divisible by 9. 
^ 621 is divisible by 9 since 6 + 2 + 1 is divisible by 9. 

The following test for divisibility by 7 is interesting and it is easy enough to be practical. Many tests 
for divisibility by 7 are not. • 

h 266 divisible by 7? 

26 6 Isolate the ones digit. 

- 12 Double the ones digit and subtract it from the remainder of the 

I 14 number beginning with the tens digit. If the remainder is not a oM 

or two digit number repeat the process. The original number is divisi- 
ble by 7 if and only if the resulting one or two digit number is divisible by 7. 

From this we would conclude that 266 is divisible by 7 since 14 is divisible by 7. 

Is 1^7 divisible by 7? 

166 7 
^ - 14 



15 
4 



11 

Since 1 1 is not divisible' by 7, 1667 is not divisible by 7. Proofs of some divisibility testis can be / 
found in references listed in the bibliography . Capable seventh and eighth grade students should be 
encouraged to sec why these tests work. 



\ 
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17. a. Have pupils fill in the blank for the ones in each numeral to make a number that is divisible by 
the number given. ' , 

Example 

(1) Some numbers divisible by 2: | 14,28,36,40,54 [ 
Is there a unique answer in each case? 

(2) Some numbers divisible by 3: { 2 , 3 5_ , 7 , 8_ J 
Is there a unique answer in each case? 

(3) Some numbers divisible by 4: j 32 , 2l_, 13 , 24_ [ 
Is there a unique answer in each case? 

(4) Some numbers divisible by 9: | 17_, 30_7, 154_8, 30a_ | 
Is there a unique answer in each case? 

b. Beside each number, write 2 if the number is divisible by 2; if the number is divisible by 3, write 
3; if divisible by 4, 5, 7, 9 write the appropriate number. If the number is n*ot divisible by 2,'3', 4, 5, 
7 or 9 write **no". 



(1) 


105 


(6) 


219 


(2) 


42 


(7) 


51 


(3) 


300 


. (8) 


75 


(4) 


187 


(9) 


87 


(5) 


96 







8. An interesting way to write all possible product expressions involving exactly two factors 
counting number is to list all of the factors of the number in increasing order. Then pair the first 
factor with the last one, the second factor with the second from the last, and so on. For example, 
find all possible two-factor product expressions for the number 105. The factors are 

1, 3, 5, 7, 15, 21, 35, 105. 

The desired product expressions are 1 X 105, 3 X 35, 5 X 21 , 7 X 15. 
Ask pupils to find all possible two-factor product expressions of the following. 

a. 8 c. 100 

b. 18 d. 275 t ^ 

9. Help pupils generalize that the nth square number is n X n or n^. 

Example 



1st square number is 1. 
2nd square number is 4. 4=2^ 
3rd square number is 9. 9=3^ 
4th square number is 



1 0th square number is 
nth square number is _ 
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Have the pupUs list the set of square numben to 100 and then discuss the following questions. 

a. Is there a pattern of odd and even square numbers? 

b. See if there is a square number greater than 1 which is a divisor of each even square number. 

c. What is the result if any odd square number is divided by 4? 

d. Is there a pair of square numbers whose sum is also a square number? 

e. Is there a square number that is twice as large as another square number; three times as large, 
four times as large, nine times as large? Can you explain this? 

f. Use the list of square numben to 100 and study the differences between successive terms. 



{ ^^^^i^^/^' ^' 81, 100 I 



Can you state what you observe? 

20. Have pupils fmd the sum- of the divisors of 6, other than 6 itself. (1 + 2 + 3 = 6.) Find another 
counting number that is equal to the sum of the divisors that is less thari the number itself. The 
Greeks called such numbers perfect numben. 

A perfect number is one that equals the sum of its proper divisors, and the proper divisors of a 
number are all those except the number itself. 

The first four perfect numbers are 6, 28, 496, 8128. Note that the fint perfect number is a single 
digit numeral, the second is a two digit, the third is a.three digit, and the fourth is a four digit - all 
in base ten numeration. However, the fifth perfect number has eight digits, 33550336. 

Ask groups of pupUs to confirm the fact that these, five numben are perfect numbers. 

Arrange the numerals vertically and study the digits. What pattern do you observe in the last digits 
of the numerals? Only twenty-three perfect numbers have been found. The largest of these numbers 
requires 6800 decimal digits to write the numeral. 

Other interesting ideas concerning the perfect number may be found in books listed in the armo- 
tated references in the section Utilization of Media. 

21. Continue squaring the numbers given below until you can discover the pattern, then predict the 
answer to the next problem. Check to see if your guess is correct. Do you see why this works? 

1' = I 
11^ = 121 
111^ = 
1111^ ^ 
11111^ = 



Complete these multiplications to find some interesting patterns. 

7X7= 4X4 = 

67 X 67 = 34 X 34 = 

667 X 667 = 334 X 334 = 

6667 X 6667 = 3334 X 3334 = 

33334 X 33334 = 
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Ask pupils to do the following. 

a. Write the set of natural number multiples of 4, of 6, of 8, that are less than 100. 
=1 4, 8, etc. I ' 

M, =] 6, 12, etc. [ 

,etc. \ 



=1 8, 16, 24,_,v„,. 



b. Show the common multiples of M^, and M using Verm Diagrams. 



Solution 




c. Find the least common multiple of 4, 6 and 8, that is LCM (4,6,8) ■■ 

d. List the members of each 



a. n 

b. n 

o is 

c. n n Mq 



a. Ask the pupils to find the greatest common factor of 1 1 and 17. 




Since ^,7 I, I is the greatest common factor, in fact, 

the only common factor. 



If GCF (a,b) - 1 , a and^ are whole numbers, then a and b are relatively prime. 

Circle the pairs of numbers that are relatively prime and tell why they are or are not relatively 
prime. 



(3,5), (2,8), (3,27), (49,12), (3,8).(7, 17). 
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b. Ask the pupils to draw Venn diagrams to show the intersection of the sets. 

A ={ 1, 3, 5, 7 \ Solution 
B = j 2, 3, 4, 5 I 




c. Ask the pupils to draw the Venn diagrams to show the intersection of the sets. 

C is the set of factors of 18 Solution 
D is the set of factors of 24 




Name the greatest common factor) of 18 and 24 



Rational Numbers: Pre-addition 



24. Each pupil should have a sheet of graph paper. Outline fifteen squares in a row to be the unit, as 
shown below. Have the pupils color y$ ^^""'P ""^^ Ts ^^"P green and leave two 

separate sections of the strip uncolored. Ask wh^at pair of numbers names the colored part of the 
unit ( » since 6 of the 15 equal parts are colored.) Repeat, using other combinations such as 
with A . In each case the fraction name (not the rational equivalent) should 



J s 



with 
be given. 



1 s 



1 s 



25. UsC/^ strip of 12 contiguous squares as the unit and repeat the previous activity using combinations 
such as with , ^2 Y2 ' T2 ^'^^ T2 • T2 ^^^^ 11 * fraction name 

illustrated should always be given. 



26. Have the pupils take as a itnit a region consisting of 2 rows of 4 squares each, as shown below. \ 
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Rational Numbers: Addition 

28. Addition of rational numbers can be derived as an extension of the^previous activity, again using 
graph paper. The follow^ing sequence suggests the way in which some addition examples may be 
developed. 

a. Take as a unit a region consisting of 3 rows of 4 squares each. 

/ 



Since th re are 3 rows all the same size, each row represents j-of the unit. Have each pupil color 
3- of the unit, noting that any row will do. 

b. Draw another unit just like the one for part a. Since there are four columns all the same size, 
each column represents -1 of the unit. Have each pupil color .,^of the unit, noting that any of 
the four columns will do. 

c. 'Next have the pupUs outline several units exactly like those in parts a and b; this time they are 
to color Y2 of the unit in each picture, and these are all to be different. 

d. When the pupils can accept that there are many ways to color of the unit, and at least 
three ways to color y of the unit, they are ready for the next step. 

Have the pupils use a iinit just like the others and color y of the unit red, then 11 of it green, 
making sure that no part is colored twice. It is not necessary, of course, for all the pupils to have 
the same picture. 

Red 




/ 



Next, ask the pupils t>^ame the part of the unit which is colored. This part is obviously ^2 . a^id 
this fraction name, ratheV than the rational equivalent, should be given. 

e. A unit just like the others should again be used, and the pupils asked first to color of the 
unit red, then 72 of it green, with no part colored twice, The name ^2 can obviously be given 
for that part of the uojt which is colored. 
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f. The results of parts d and e are to be recorded using symbols in the problem, that is, for d 

1 ^ 2 • « 6 « 1 J. ^ - 5 ^ 
12 



2* s 
1^ 



l^ande 



1 



12 



/ 



-» AAA* ^A«AA ( « 

g. To extend the above activities again using a three by four unit, the pupils should be asked to 
color y of it. There is a natural partition down the middle which can be used and either half 
could be ccrfored. 



If by now (pme pupils realize that any six of the twelve parts could be construed as one-half, they 
should be free to use this knowledge, but others should not be asked to accept this idea at this 
time. Wlien everyone has colored -j of the unit, they should color an additional ^ and name 
the colored part. In symbols 1+2-8 Repeat, using such combinations as ± + -i. 

+ 1 1 + 5 5 + I ^ 12 12 . 2 12» 



1 

n 



5 



29. Outline another thre^' by four unit and ask the pupils to find a natural partition into sixths. By this 
time, they should be familiar enough with the characteristics of this particular unit that they can 
find such a natural subdivision. 

From the parts a, b, g of the previous activity and the present one, the following sums can be 
computed. It is probably wise to give the fraction name to the result in all cases. 



□ 



2 4 






P 














M 


i 







m " (1} 



\ 
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3o. Brain teaser: Can anyone show t T ■ The problem here, of course, is that i 

t^OnS for 4~ nnH 1 ij 1 ^.L-. . . ' 



J ^ . , . the natjuraJ, parti- 

and — would overlap and the solution must come from the realization that any 3 of 



t^ons for 

Prnno J a . i''" "^^^"^ ^ ^^'^ ^ ^ 2 parts can be called ^ . Thus the pupU who 

op solution wiJi have to demonstrate some variation of one of the followiing. 




or 



■3 




possible to relate these activities to penci]-and-paper activities by recalling equival- 
^Hce Classes, since dm 



J, 
3 

4 



_1 

9 
12 



12 * * * f 



choosing 



Y2 3^ ^he name -L 

!2 



and 



T ' ^""^ r2 "^"^^ ^^"^ T ' T ^ T ™^ replaced by 

outi ned in^ h "^^^ * ^^^^ P^P''^ "^^V "^^^ additional activities of the type 

th \ through e of Activity 28. Some other possible units made from graph paper are the 

t^rce by SIX, exhibiting natural partitions of 2, 3, 6, 9 and 18. 




parts 



9 parts - _ 



OWth^^ds r"f ^""^ ^'^^ ^'^^ ^^^^^^ ^"^ ^^"^^^ ^^'"^ obvious); the three by 

( ir , ifths and Hfteenths being ojpious); and, as comparison, a three by eight and four by 



ion 



l^ational Numbers: Pre-subtracH 

ere are several types of situatipns which must' be classified or associated with a mathematical 
^ration called subtraction of rational numbers. The fjbllowing' sequence of activities shows how 
tnese can be presented With fractions. 



^ni 1 '^ild ^^^^ ^ ^'^^^ ^^'^^^ ^^^^^ ^"^ ^^^^ ^ ^"^'^ ^^^^ squares in a row. Two such 

rc,\^ 3 nr , '^^t'ined, one slightly below the c^ier so that they can be sepn to be the same size 
i lor oi the top unit and 4 of the bottom one. \ 







□ 









45 




Obviously, -|- of the unit is larger than ^ of the unit. Two ciuestions can be asked. **What must be 
added to ^ to get -I-?" (Answer- y ) or, of this unfc is how much larger than of this 
unit?** (Answer- y ). The answers to these questions lead ur^t^^y that the difference of -y and 
^is -j . The pupils might imagine y of the unit to be taken away from the j- shown in the 
upper diagram and asked to name the part that was left. Again this is y . If the results of this 
exploration are symbolized, we get either-^ + □ ^-j , with— the replacement for □,or 
-|- - -i. = □ , with J- the rt jMc«n)Cnt for □ . 

These questions reflect the various situations associated with subtraction— in order, the inverse of 
addition, comparative subtraction and take-away subtraction. At this level, the students' previous 
experience with all of these types of subtraction within the framework of the system oF whole 
numbers is relied on. 

33. It may be advisable to repeat the previous activity with a different unit, for example, a strip of 
eigiit squares. Outlining two such units, color y of the top one and y of the bottom one. 




Again ask, **What must be added to -|- to get -^?'' " 1. is how much larger than J.?" "If 1. is 
taken from y , name the part that is left.'' Since answers to all of these q^jstions are the same 
( ± ); we write y 
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Use as many other examples (different units, different parts) as necessary so that the students can 
name differences of pairs of fractions without recourse to the model. ^ 



Rational Numbers: Subtraction 

34. To/introduce subtraction of rational numbers a unit consisting of three rows of squares is useful. 
A^in, graph paper is convenient for the students use. Have each student draNit two suph units 
and color ~i- of each unit. Two different partitions into thirds should be shown by each pupil. 
Have each pupil color ^ of the unit on one of their diagrams, using a different colored crayon. 
Then ask, "How should we name y - ^?** It should bel noted that it makes no difference here 
wither the -p^ is part of the portion colored as y or tjjeportion not colored. If the is part 
of the original the subtraction could be interpreted as either take away or comparison; 
whereas, if the is selected outside the part coIoredTirst, the subtraction can be interpreted as 
either comparison or as the inverse of addition. In the[Iater c^, the will belong to some other 
third of the Unit. The answer in any case is -j^ . Because of the fact that there are severafl possible 
ways to arrive at the -j^ , indivi^iual pupils should be asked to explain how they got thjTr answers. 
' Next, using the other unit, have e^ch student color -A of it. Then ask, "How shall we name ~ - 
1^ V Having agreed on students should be encouraged to explain various methods of 

arriving at this answer. 



35. Have each pupil draw another unit consisting of three rows of six, an^ this time, finding a natural 
partition, color of tliis unit. Next, each pupil should color of the unit and ask, "How sliall 



we name y - ~ V When everyone is satistled that 
~ witlutut using a model if possible. 

V 



8 
l8 



is appropriate, ask fq^a name for 

i 
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36. 



Have each pupU outline three units', each a 3 by 6 region,. and ask, "How many rows are in one of 
these units?" then "How many columns are in one of the units?" Then ask the pupils if.thej; see a 
natural partition into sixths. A column seems the obvious choice, and each pupil should color -i- 
or the first unit. The second unit should show ^, and the third unit 4. A sample might look like 
tliis. 





Questions 

How could we name 



How could we name y 
How could we name 4r 



2 w 



1 

6 

J. 7 
6 ' 

J, 
3 



? ( i~ is an acceptable answer) 

( is an acceptable answer but 
'^(either ^ or 4" is acceptable) 



miglit be expected.) 



If the pupils seem to need more practice, a two by five unit could be used. In different models, 
color ^, for which there is a natural partition. For example, use a model with ten units and then 



Another natural partition shows 



iisk» "How shall we name ^ - -A "^'^ Repeat for f 

fifths, and some related problems would be naming 4- - A ± 1 J. Further 

practice with pttier units and other problems may be desirable before proceeding to the activity 
numbered 36. 



37. 



After the class has completed the abbve activities, guide the pupils to relate their work here to 
previous work with equivalence classes. 



1 
2 

i 
3 



E 



1 
6 

J 
9 



J 1 



1_ 
12 



_3_ 
18 



Thus 



T ~ i '''''' "^>^ed - = 

'^^^ T ^ T named - =^ 

and 4- *^ 4" can be named ^ - -A • 

2 3 1^ 18 

Rai^ional Numbers: Multiplication 



1 8' 

!!' 

1 8 ' 



The physical model or situation for multiplication is very often not clear. The pupil has a fixed 
notion of multiplicative situations with whole numbers. This no>t6nd^ not make'$ense for 
rjitional numbers: One way to make the product of rational numbers reasonalyle is to let the pupU 
lind for himself an acceptable answer to certain problems before identifying tliese as mulUplication 
problems. In the activities below, unit regions and tlteir fractional parts are used to develop the 
interpretation of nuiltiplication of rational numbers. 



obj. 

JI,I2b 



38. As an example of an activity, a unit should be selected. Graph paper is a must for this purpose. 
, Have each pupil outline a region consisting of two rows of four squares each. This will be the unit. 



— I 1 r — 

I I I 

I I I 



Ask the pupil to color -~ of this unit. The following drawing is shaded to illustrate one possible 
choice.. 

1 




4 



Next have each pupil color y of the colored part. The following illustrates a completion. 




Now ask, *'Wh2t part of the unifhave you colored twice?" The pupils should see that this is onp 
part out of eight or -j of unit. Then/*What is y of -1 of a whole?" 



39. a. Have each pupil outline another two by four unit and color ~ of this unit. Then have them 
color y of the part they just colored. The result might look like this. 




Ask **What part of the unit is colored twice?'' Then, "What is -y of 

b. Using another two by four unit, have each pupil color y of the unit and then ^ of what they 
just colored. The results might look like this. 




^sk "Wtiat part of the unit hg^^ been colored twice?" Then ask "What is of ~ of a whole?" 

c. Have the pupils compare their pictures for activities b and c. Ask if anyone got exactly the same 
part colored for both activities. In drawings like those above, the left hand th^e squares in the 
bi^ttoni row were colored. Some pupils will have the same block colored for both, others will not. 
Ask if one could have exactly the same blocks colored if one finds ^ or ^ and one finds ^ of 

. 2 4 4 

-y . Discuss. Point out that the same answer was obtained in each case. Ask if this seems reason- 
able. Ask a pupil who understands to explain if some of the pupils do not understand. 
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a. Use as a unit a region consisting of two rows of five. Again ask, "How may rows?'' and *"How 
many columns?'' Aak what part Of the unit one row would represent and what part of the unit one. 
column would represent. Have each pupil color -j- of the unit. Then ask each to color ± of the 
part he just colored'. The result might be as follows. ^ 




c. Ask if anyon#has the same three squares colored in a as he did for b. Ask if this could happen or 
if it seems re^dbable. Ask the students to note that the answers were the same. It should also be 
pointed out thit any three of the squares would represent of the unit; however, the main idea 
here is that the same three squares can represent -5- or — or — or . 



41 . Have each child outline another two by five region for a unit, and color 1/2 of it. Next, color of 
the part just colored. ' ^ 

Ask what the squares colored twice could represent. Have a student show how these foursquares 
could represent ^ T ^."^ T T ' P"P^^ should see that they are the same and that 
both represent ^ of the unit. 

For the next unit, use a region consisting of three rows of five squares. Ask what part of the unit 
on? row might repre^nt; what part of the unit one column might represent. Have each pupil show 
-J of y on this unit. If the class has trouble, revert to the directions of earlier parts of this 
activity (color of the unit, then color ^ of the part just colored.) The result might look like 
this. 




/ 



Ask what part of the unit has been colored twice ( ). Ask if this same twice-colored part could 
represent 1. of ± . If necessary ask a pupil to demonstrate that A of and of ± could be 
represented by the same squares. . ^ ^ ^ ? 

If furtlier practice is needed, the three by five unit can be used with ^ of — , — of — , — of 

2 _ A _ 5 3*53*5 



obj. 42. Use a two by four unit, and color -|- of It. Ask' for a volunteer to color A of the part that was 

11,12b just coloFed. Then ask if all agree. EHscuss if necessary. Ask what -j of the colored part would be. 

|y of the colored part, etc. Summarize the discussion of this part by writing the following on 
the board. 



5 f 3 • 3. 
7 of is ^' 



1 1 1 
3 of 4 is 4 etc. 



0 



Extend to -|- of A of any unit, ^ of -|- of ?ny unit. 



obj. 43. Using the results of activities 3740, record the results on the chalkboard, with pupils referring to 

11,12b, their pictures to verify the writing. 

15 ■ 

1,1.1 

^ of — IS -r . ■ 

2 4 8^ * 

1,3.3 ' . 

1 °f 4 '^1 

3,1.3. 

1 T To 

■ 14.4 

■ ' 2 '-4.8. 

Have the children compare the answers with the of situation in each case and see if they notice any 
particular relationship. Ask if they could figure out the answers just by inspecting the numbers. Ask 
if anyone could tell, without making a picture, what would be y of -j- Af no one responds, ask 
• . / ^thW^i^ils to study the aumbers, involved in order to fmd relationships. As relationships are stated, 
cheCk:i^h example in the first list. The results of activity 41 should also be checked. 

5 . 3 " 5 X3 3 « 

— of ~r ; docs TTTl i^ame ^ ? 
. 5 4 5 X4 4 ,. ^ 

3 - 3 , 3X3 3 . 

-r of "7 , does -rrrr name -r ? etc. 
3 4 3 X4 4 

: . ^ ' Two or three other examples should then be given, for instance -|- of -g- ; -|- of -j"* T -|" • 

Then say that the multiplication of numerators and the multiplication of denominators is the 
multiplication of the rational numbers and is written as follows. 

1 yl 1; 1 1; 1 y 4 J_,etc. 

2^4"8 2^^4*8 3'^5~15 

Also -3x4^4; 11 x 'l = 1'^^^'' 
3 55 13 44 
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44. Ask if multipUcation for rational numbers is commutative, then refer to activities 39, 40 and 41 in 
particular to see that not only is this reasonable but also that the computational shortcut reflects 
this property. - 



Rational Numbers: Division 

Division of rational numbers, as multiplication of rational numbers, is difficult to interpret through 

suitable physic al situations. J3iYision_iiLjaliQBal^^ taught strictiy as a computa- — 

. tional process using the well-known rule. It is, ho^^eve^, possible to present this as an operation ' 
which IS the inverse of muhiplication. The agreement in this case is that, if a: and j^^ are rational 
numbers, x Xy^-z if, and only if,;c = z ^y. This conforms to the accepted usQJif the symbol -f-" 
m the system of whole numbers, so that it shoul^.be familiar to the pupils. 

This interpretation of division should be developed through a sequence of probleifts in which the 
pupils would apply what Aey have previously learned. ' 

45. a. Have pupils fmd the missing factors in su\^ examples as the following. 

5 10 
^ YM - '2 • 

The pupU should be able to find correct replacement for N from his knowledge of multiplicatiolK 
b. Using exercises shown in a, and the understanding of the meaning assigned the symbol " " the 
pupils should be able to determine each of the foUowing quotients by inspection. 



11 ^ 1 
18 ' 9 

10 ■ 2 



N 



= N 



24 3 

Additional practice wUl be needed; therefore, further examples simUar to these should be used. 

46. A true problem for the pupils arises when a sentence such as the last cited above appears in the 
following form. 

In this form the solution is not obvious. At this- point the pupils have at hand all necessary 
information to solve this problem but may need guidance to discover that, they can solve the 
problem. If no one in the class believes there is a replacement for N which will make the sentence 
true, the teacher should ask why the pupils think there is no solution. The response to be expected 
is that 2 does not divide 7. So, the next question should be, "Is n the only name for' that, 
number?" If further help is needed, ask for some other names for ^; then ask if the use of one 
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of these other names might help solve the problem. Examination of , \ |j, 
should make the solution obvious to some member of the class who can men demonstrate his way^ 
of solving the problem. 

Further practice will be needed but the problems must be carefully chosen; some examples increas- 
ing in complexity are as follows. 

■I ^4 = N« 
7 2 ► 



7 3 

^ ^ ^ = N • ' . 

4 5 , 

$43 ' ' 

In selecting practice exercises for this procedure, a good scheme would be to use the same dividend 
' in several consecutive examples and to change only the divisor; this scheme focuses attention on the 
renaming process which is the crux of the matter. 

The procedure outlined above provides a method for processing division problems based on con- 
cepts already developed. An advantage is that it shows the underlying consistency of mathematics, 
while at the same time it gives the pupils the opportunity to see how to use what they alrcad^^ 
know when faced with a new problem. Furthermore, the pupils do not have to be reminded which * 
part to invert as they must remember when using memorizcA^rUles. A disadvantage is that the 
process takes a little longer, since the pupils must choose an appropriate replacement for the ^ 
dividend from an infinite set of possibilities. 

Teachers may find some pupils ready for a discussion ofiiivlsion of rational numbers based on the 
definition, for Jc,^ rational numbers and c=^0, that Jc -f c = jc v/cV" 

yd 7 ^ 7 

Once division of rationals has been established, it folitirws, for example, that 

1= 7 X 1 = 2 v± _ 2^ 1 
8 1X8 1^811 

7 8 

Since Y and y correspond respectively to the whole numbers 7 and 8, say that -J- -= 7 -r8. Of 
course this statement has a logical basis only after division inthcrationalshasbeenestaWished,for 
__ihe-53(mbol '7 ^ 8" is meaningless in the system of.whole numbers. 

Integer*: Addition and Subtraction 

^7. Associate the numerals 2, "2, 5, "5, 8, "8, 10, "10 with the appropriate points on the number line 
below. Name the points in between if you wish. 

^1 I < t ■ I I i t f » » ■ > ♦ » » 

Now do this exercise- Insert the correct symbol between each pair of numbers below. Use >, <, or 
2 4 '4 4 10 "10 



obj, 
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A background for understanding operations involving negative numbers can be established by using 
the following activities as models. 



^"^ ^""^^^Js a'num]^r of miles from one point to another, he may travel part way east and part 
^ ^^st. Using arrows, ^ means east anj} ^.means west. The. arrows may be placed over the 



numerals. 



> t 1 »— I 1 1 1 1 1 H 

■"7 "6- "-15 ~4 "3 "2, -1 -0^ 1 2 3 ^ 
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Example 

Mr. Jones travels east four miles and from that point travels west 6 miles. Where is he with respect 
to his starting point? Two miles west of where he started. The point here is not how far he has. 
traveled, which obviously is 10 miles, but where he is with respect to.his starting position. 

Many of the same type problems may be used until the piipUs discover the rule, such as the 
following'. ^ 

■y (a) If he travels six miles east, then four miles west, what is the dist^ce to the starting point? 
(b) If he travels four mfles west, then five mUes east, what is the distance to the starting point? 
When the teacher thinks the pupils have the idea then she may proceed with the recording. Since 
we name the associated operation addition in this case, the recording for the fir^ ilfustration given 
is 4 + -6 = 2. Read this as "Positive 4 plus negative 6 equals negative 2.** 

49.*^ After having learned the addition processes of integers, the pupils may be introduced to the 
subtraction process as the inverse of addition. The teacher may continue using the east - west idea 
on the number line as developed in the addition process. 
Example 

For the number sentence ''"2 - """S = 



% ' ^ — I 1 \ 1 1 — — 1^ »— I 1 — ► 

"4 "3 '2 "1 0 1 2 ' 3 4 • 

Using addition, the inverse of subtraction, one would say, "What has to be adc(ed to positive three 
to get to positive 2?-* One would obviously have to travel west one place so th^^sing addend is 
negative 1. 

Ertough of these activities may allow the pupils to get a clear understanding of the idea. 
Example 

'3 ~ -1 = 

The question is-'*What must be added Jo "1 to get to "3?** Since the move is two places to the 
west, the missing addend is "2. 



Continue with many similarexamples. 



Probably at the level when directed numbers are introduced, some pupils will have had experience 
positive charges attracting Negative charges and neutralising each other. The teacher may wish 
to show neutralization with charged particles using a science demonstration. 
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The teacher could also demonstrate the idea by using an illustration of two buckets, one bucket A, 
containing an indefinite number of positive particles and the other buclcet , B, &n indefinite number 
of negative particles. The question may be asked, what will be the result if seven negative particles 
from bucket B are placed in an empty bucket, C, and j^herr five positive charges from bucket A are 
added? Each negative particle will attract a positive particle, and they will neutralize. 

This neutralization can be shown by drawing i circle around each pair. ^ , 





obj. 
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When 5 positive particles were placed |h bucket C and 7 negativi-^articles were also placed in 
bucket C, 5 positive and five negatives were attracted to each other and 2 negative* charges are left. 

The pupils may do many other activities such as the following and in each case ask, "What is the 
end result?" 

ADD four positive charges to a bucket containing 8 negative charges 
ADQ five positive charges to a bucket containing 5 negative charges 
ADD eighf negative charges to a bucket containing 3 positive charges 

When the teacher is suife that the pupils understand the idea, he may then proceed to the recording 
of the data in number sentences. 

For example, the recording of the illustration given at the beginning of this activity is "7 + ^5 = ~2. 

51. The idea of charged particles as in the addition of integers may be applied in a moldel for sub- 
traction. 

A bucket contains 3 positive charges. • 




What would have to be added to it to make the bucket have a charge of negative 2? 




Obviously 5 negative charges are needed as it takes 3 negatives to neutralize the 3 positives and 2 
more negatives to make the bucket have a negative charge of 2. , 

The addition sentence then would be + □ = ^2. The replacement for □ was found to be "5; 
therefore, "^3 +'5 =~2 

The related subtraction number sentence would be 



^3 = -5 
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Integers: Multiplication 



52. Model cars on a race track, or pictures of cars on a track rhay be used. The starting point on the 

track will be 0. The position of the car facing east toward the finish line will be positive and that v 
of the car facing west in an opposite direction from finish line will bejiegative. Also the forward ' 
gear will be positive and.the reverse gear will be negative. 

Illustrate the following situations. , . V 

a. A car is headed to>vard the fmish line and is iri a forward gear. In which dfrection will it move? 



west 



east 



+ 



starting 
point 



finish 
line 



Explanation 

Car headed east (+) 

Forward gear (+) 



associates with 



(-»-.+) 



Car will travel east + 

b. A car is headed toward the finish line and is in reverse gear. In which 'direction will it travel? 



west 



Explanation 

Car headed east (+) 
Reverse gear (-) 
Car will gravel west - 



east 



start 



(+-). 



finish 
/ine 



associates with 



c, A car is headed in the opposite direction from the finish line and is in forward gear. In which 
direction will it move? 



west 



Explanation 

Car headed west (-) 
Forward gear (+) 
Car will travel west - 



start 



east 



\ 



finish 
line 



associates with 



EKLC 



55 



d. A car is headed in an opposite direction from the finish line and is in reverse gear. In which 
direction will it move? 



+ 



west * east; 

start finish 

line 



Explanation 



Car headed west (-) ; ■ : 

Reverse gear , associates with. 



Gar will travel ci«t + 



The teacher ntay work with these models until the pupil^ave a thorough understanding. Then he 
may explain that an t)|^eration such as (+,+) associates with +, relates to multiplication and is 
recorded. ^ v , < 

y a. (+) X (+) = (+) 

c. (-) X (+) = (-) , I 

d. (-) X (-) = (+) ' ^ ^ 
Note: These^recordings are for the above illustrations and are in the same order. 

: 

53. A variation of the previous activity can be made by putting a paper traqk on the floor and by using 
pupils to move along the track in place of can. ^ 

■ + : H*^ 

west .0 ea$t 

swrling finish 

pomt ^ , : , line 

■ . ', ' <■ , • ' 

The pupil will face toward the finish line or away from the^'^iin^h line and wiU move forward or 
backward as directed. For example, tb^ oupil is directed to face the Mnish line and walk backward. 
Now the questions asked are wha' ' ne and what is thd result using + and - symbob. 

The pupils' response should be ai ^ facing the finilh line (east) and that i^ positive (+). 

I walked backward and that is ne^ W ). The result was I wa^walking west and that is negative 
(-). Therefore, a positive and a negative associate with a negative.T(+,-) associates witt^ - 

Examples showing all possible combinations should be used many times before explaining that this 
operation relates to multiplication and before recording with symbols. 

Integers: Division ' 

54. The interpretation of division as the inverse of multiplication can be initiated by exercises in which 
the student finds the missing factor. The following are some examples. 

a. □ X "2 = '10. so "10 '2 = □ 

b. "3 X □ = *6, so ^6 ^ '3 = □ 

c. "4 X □ = "8, so ~8 -^-^4 = □ - 



d. □ X -5 = *25, so.*25 ^-5=0 

e. □ X -1 = -3, so "3 -f- -\ •=•□ 

f. *7 X- □ = -49, so -49 *7 = □ 

^-^5 X □ = -15, so "15 ^ *5- = □ ;-i 
As can be seen 8 -^"2 = "4 because -'4 X "2 = ''"8, and division is the inverse of multiplication. 



Supplementary Activities'for T)us-S(rand 



55. The^teacher may (traw on the chalk boi^d, make ditto copies or make a transparency of the circular 
num'berline. - 



5 




Say to pupils, *'^x>ok at the number line#"Doe\ it resemble the clock?" The teacher may say, 
"Beginning at the point marked 2 and moving in the direction the hands move of a clock, move two 
units. Whei;e are you?" Begin with six and make two moves. Where are you?" "Begin wi'th 5, make 



^^our moves. Where are you? 



1+4 = 5 
6 + 2=1 
5 + 4 = 4 




Multiplication on the circular number line can be thought of as repeated addition. The teacher may 
say, "Begin at 12, make 3 moves 4 units each. What is your answer?'^ After a number of similar 
questions ask, **\V}iat are some similanties between the procedure of multipbcation here and that 
on a straight number line?" The pupils may be asked to develop a multiplication table for the 
1 2-cIock arithmetic. 

You can think of subtraction on the clock as going in the opposite direction from Adition. 
Ask, "Begin at two. make five moves m counterclockwise direction. Where are you'^'' 2 - 5-4. 
What are some similarities between these procedures and the procedures for subtraction on a 
regtilar number line? ' • ' 
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Using a 5-clock the teacher may ask the children to complete the following. 



5 - 3 = 
4 - 1 = 
2 - 4 = 



57, Use an 8-clock and have the children notice that a mathematical system can be built. Complete 
tables for other operations such as the one for addition. 



+ 


0 


1 


2 


3 


4 


5 


6 


7 


0 


0 


1 


2 


3 


4 


5 


6 


7 


I 


I 


2 


3 


4 


5 


6 


7 


0 


2 


2 * 


3 


4 




6 


7 


0 


^ 1 


3 


3 


4 


5 


6 


7 


0 


1 


2 


4 


4 


5 


6 


7 


0 


1 


2 


3 


5 


5 


6 


7 


0 


1 


2 


3 


,f 4 


6 


6 


7. 


0 


1 


2 


3 


4 


\ 5 


7 


7 


0 


I 


2 


3 


4 


5 


6 
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Have the children to investigate the system to answer the questions about the system. 

a. Is this system closed under addition? How can you tell? 

b. Is addirion commutative in this system? How do you know? 

c. Is addition associative in this system? How do you know? 

d. Is there an identity element? If, yes, what is it? ^ 

e. If.there is an identity element, does each element have an additive inverse? 



58. F^or'discussion of properties of operations present the folj^wing to the pupils. 
7 + 4=4 + 7 



"1 + J- 
2 4 



2 = 2-3 
1 ? 1 . 1 
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3X2*2X3 

I vi Ll^ ) ' 
3^4-4^1^^ 

"2 + *3 = *3 + -2 



9 

-3 » -3 - -7 



Ask pupils to compare the results of the examples and to detemiine properties involved. Extend 
this to include not only commutative but other properties. 
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OPERATIONS, THEIR PROPERTIES AND 

NUMBER THEORY 



OBJECTIVES^ 



• The pupil shouW be able to do thQ following. 

1. Select appropriate operations on whole numbers for a given physical situation or illustrate a given operation by a 
physical situation. 

2. Identify odd and even numbers 

3. Discuss the properties of odd and even numbers ' 

4. Identify prime and composite numbers v ' 

5. Give the prime factorization of any whole number 

6. Name pairs of two whole numbers which are relatively prime 

7. Find the greatest common factor of a set of numbers j ^ 

8. Find the least, common multiple for a set of numbers 

9. Identify number patterns 

10. Complete number patterns 

1 1 . . Select the aj/propriate operation, addition or subtraction, on rational numbers for a given physical situation or illustrate 
, a given^eration . by a physical situation 

12. Use closure andUhe commutative, associative, distributive, identity, multiplicative and additive inverse properties to help 
/■ him in his corn put a t ion , , v 

; . (a) on Avhole.ftUi^ , • (d) using computation 

(b) on rational*:ntlrnbdrs - i^) ^ formally descrij^ing the structure of a number system 

(c^ oriint^gej-s ' , ' i^^^ / \ ' / 

13. Use the cancellation property to facilitate the solution of equations 

14. Demonstrat^j jnimediate verbal recall of any basic facts 

15. (a) Find the sum, product difference and quoti^trCfor any two whole numbers, that is if a difference 'or quotient 
exists ^ ' 

(b) Find the sum, product, difference and quotient for any two rational numbers, that is if a quotient exist/^ 

16. Use the closure, commutative, associative, distributive, multiplicative and additive identity, multiplicative and additive 
' inverse propertiesJ to describe the structure of the number systems 

(a) whole numbers ■ " ' 

(b) rational numbers 

(c) integers ' ' 

17. Compare the structional likenesses and differences of the number systems 

(a) whole numbers 

(b) rational numbers *r 

(c) integers 



RELATIONS AND FUNCTIONS 



INTRODUCTION 



IRdations, the idea of pairing or coVreiponding in a certain order, is basic to all mathematics. Beginning even at the preschool 
-Jevdr^+te-puptl-CaJ, Ic... Ihreogli experlencTlolw5gmzrmaT^ them in formulating his ;3wn ideas and to show in' 

comml^nicating to others that he is fleveloping intuitively a pattern of organized thinking I'n hbrtriyiheiica] situation? By using 
relational thought ^patterns in his early experiences, he establishes readiness fcJr extending these dvmcepts in mathematical 
situations as he meets in his development. Therefore, the teacher shoultl'-sea that from the beginning a foundation for correct 
concepts is laid so that unlearning wiH.not be accessary later. 

Pupils encounter many nonnumerical relatioS?s; many can be found in stories for primary chUdreri.-Some of these non- 
numerical relations, such as belongs to, is brother of^, and is in the same house as should be use4 before numerical relations to 
Illustrate the meaning of relations. These relations can also be used to leacTlnto numerical relations since they can be 
exaniples of correspondences of one-to-one, many^to-one, one-to-many, or mdny-to-many. Such correspondences are b^sic to 
the idea of number, to tHe relations equal to, less than, and more than, and to the operations with numbers. 

There are several special kinds of relations with special names. Oiie of these, called an equivalence relation, is associated with'^ 
the process of classification'. Classification is the process of partitioning a set of elements in%^ different subsets in which.no 
element can belong to more than one subset. This, too, can be introduced through nonnumerical situations. For exar^ple a 
set of blocks canv be separated into classes dn the basis of color provided the colors are'distinct .'Or; a- set of coins can be 
partitioned into subsets according to value. Such subsets, or classes, are called equivalence classes, and the relation exerfipli- 
fied by their membership, same color as or same value as, is called an equivalence relation. When school children are classified 
by grade in school, if no pupil can.be in more than one grade, the different grades represent equivalence classes and the 
equivalence relation is is in the same.grades as. Equivalence relations are very, important in mathematics; Tlie most Lm\\hi% ' ' ' 
the one called is equal to, but many others are encountered as the pupU progresses through mathemaUcs ' ' ' 

Another special kind of relation is that known as a function, dr mapping. Altholigh the concept of^ function ii^^ne of the ■ 
umfying themes of mathematics, it is unwise to introduce pupils to the concept by giving a formal' definition If the puf)ils 
have sufficient practice in pairing elements of one set with elements of another while studying relations in general those 
having the special property required of functions wUl not be difficult to identify. It is for this reason that early activities on 
relations in the guide include the suggestion that pupils write out the ordered pairs associated with a relation It is also 
suggested that pupUs make graphs of relations. As the pupils observe many different kinds of graphs, those graphs charac- 
terizing functions will stand out in sharper focus. ;< 

. ^ 

Also important in mathematics are the special relations called order relations, such is more than and less than. These are used 
when such concepts as heavier than, longer than, darker than or thinner than are being considered. Measurement such as that 
of time, capacity and length consists of ordering the quality to be measujed and then assigning numbers to correspond to that 
ordering. Thus the numerical order relation makes precise the intuitive one. 

The activities in this strand include suggestions for introducing pupiJs to relations in general and to the special relations 
discussed above. As with other strands, the teacher wUl need to select those which are appropriate for his claSs and 
supplement them as necessary. It should be re-emphasized, however, that famUiarity with relations in general should precede 
formal work with special relations. 

Mathematics can be viewed as an entity of systems, each consisting of the following components-sets of elements, or basic 
units such as whole numbers, rational numbers, or points; relation^ or comparisons of these elements, such as equal to, greater 
than or congruent to: and operations such as multiplication or set union. Ther&fore, throughout each strand in elementary 
mathematics, recognizing and using relations constitutes a basic activity in w^h the pupU must engage in order to under- 
stand the concepts included in that strand. ■ ^ , 



RELATIONS AND FUNCTIONS 



Objecthcf 

Keycd^to 

A^hrities 

obj. 
1 



ACTIVITIES 



1. a. From three colors of ) construction paper cut one each of the following shapes circular, 
triangular and square. Aak pupils to sort the discs according to shape or color and enclose each 
subset within a circle of ytrn. 

b. Extend the activity above by also making- discs of two different sizes. 

V * 

c. Plac^4wo loops of yarn 6a a table and label them as shown. Have a student or group of students 
place the cfecs in the loops acb^rding to the labels. Turn the labels over and ask other pupils who 
did not observe this activity to name a common characteristic of the pieces inside the loops. 




d. Place three loops on the table as shown below and use the same procedure as with the two 
loops. 




. V'^iJ]^ the^number of properties for the pupils to consider by using blocks of different sizes, 

^ ' ' J^^^ /^''^i'" ./^ and thicknesses. 

T • • ^"'^-^. ,2. W items of equipment used in certain sports and record the relation is used in the same sport 
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is used in 







Basket * 




Net'-..-^.^^]^^]^ 




He I me t --.^^^^^^^^^^ 


y/ ^Baskefball 


Cleats — -y^/' 


— - *^ Fojjrtball 


Basc>^ / 




Mask^ 





b. Then partition the same set of items u&iKg the relatidn is in the same category as. 

Football 



Baseball 



Basketball 




Since this set can be partitioned into disjoint sets, the cclation is in the same category as^ is an 
equivalence relation and each subset forms an equivalence class. Lead the pupils to see that equival- 
ence relations have certain properties. The reHexive and symm^-nc properties may be too abstract 
to discuss at this level, but the transitive property should \^ discussed. The three properties 
necessary for equivalence and examples of each are give - below. 

Reflexive - The bat is in the same category as itse . ' ^ 

,Symmetric - If the baf 
category as the bat. 



is in the same categor; the base;^. then the bas? is in the same 



Transitive - If the bat is in the same category as the bas^ and the base is in the same category 
as the mask, then the bat is in the same category as the mask. 

a. An example of a nonnumerfcal relation is, is the chil4 of. This relation applied'to the Jones 
famOy consisting of Mother, Father, Tom, Mary and Susah gives^ix pairs. 

Tom, Mother (i. e., Tom f/i^ c/i/W a/ Mother). 

To/n, Father 
Mary, Mother 
Mary, Father 

Susan, Mother - 
Susan, Father 

In set notation the relation is written as follows. 

Is a child of =|(Tom, Father), (Tom, Mother), (Mary, Father), (Mary, Mother), (Susan, 
- Father), (Susan, Mother)! 

b. Have the pupils write in set notation the relation is the father of for the Jones lamily. 

c. H^ve the pupUs write in set notation the relation is the brother of for the Jones family. 
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d. Use other examples to develop the understanding of ordered pairs. Have pupils list the ordered 
pairs of the following relations - was bom before defined on | George Washington, Abraham 
Lincoln, Christopher Columbus, Neil Armstrong j;^ north of dtfrncd on| Atlanta, Miami, Chicago, 
Knoxville |; is greater than defined on | 8 , 9 , 1 0, 1 1 ^ 

4. a. rilave pupils find the rule which the anow represents in pattcnu such as these. 
1 — ^2 — ^4 — ►S— ^16 (Here — ► represents X 2) . 

3 — ► 7 — ► 15 — ► 31 (Here — ► Tepresenis double and add 1) 

1 — ^ 4 — ► 16 — ► 64 (Here — ► represents ^ ) 

5 — ^ 12 — ^ 26 — ► 54 ^ , (Here — ^ represents ) 

b. Have pupils make ujp some patterns of the.type given in a. and challenge each other. 

c. Find as many rel^tibnships as yoU bad some of these numbers, '^"^c ows to show the 
relations, and u^-dj1ffer<rfit/ccjw ^ 



A. 




5. Extend the use of machines as described in the lower grades. Give the following drawing of anaSff 
3 machine. That is, every number put into the machine has 3 added to it. 



Input W o Output 
Give the following examples and ask what number would go into or come out of each machine. 



.- iff 



Give other machines such«& add 5, add 7, subtract 4, multiply 6, etc. After the pupils are familiar 
with the machines give them spme drawings as shown below and ask whatijach machine does. 

^;WTr\ rW^i ?^®?~^2 

0 
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Then, .give machines with various missing facts, such as the following 



3 



7 



2 



-^1 L 



V 

6 



Have pupils make up machines to challenge each other. 

The g^e of batUeship is useful in introducing graphing on a coordinate plane. Two players ot]J^^ 
competing groups may play. Each group places a battleship touching or including three poinfi% 
the same line of a Cartesian plane as shown. With younger pupils label one of the axes with4tej|^ 
thus using ordered pairs of numerals and letters. Later use ordered pairs of numerals. 




Each group of players keeps two graphs, one (A) with its battleship hidden from their opponents; 
the other (B) to record and keep track of the shots made on the opponents battleship. The groups 
take tums shooting torpedoes at the opponent's battleship: by naming three points on the plane, 
such as ( I ,B), (4^), (5 ,C). Each group should mark the shots on its graph as they are announced. In 
like manner each group should mark its own shots on its (B) graph. As the shots are given, the 
opponent must tell how. many times the ship was hit but not which shots hit the ship. Play 
continues until one battleship has been sunk by being hit three ^ps. 

A more, difficult game may be devised by increasing the number of ships and by varying .^eir sizes, 
such as including a carrier (5 points), a battleship (4 points), a destroyer (3^ointsf^iid a submarine' 
(2 p.>ints).^Each turh would consist of four shots, and as the shots a fe announced the opponent 
tells which type of ship was hit. As the group calls the.shots, they sh^^jnark them on a blank 
graph, for a miss they could write 0 and for a hit a number^ndicating the number of points for the 
type 'ship that was hit. Play continues until ail of the ships^bf one group have been sunk. If the 
group who had the first turn succeeds first in sinking the opponent's ships, then the other ^roup is 
entitled to one more turn to either tie or win the game. 

Teachers may find assistance in planning activities of this type in the books listed in the section on 
media. 

^'^^^ ■ : 

a. Have two girls and four boys come to the front of the cl3s^'. Ask the class how many different 
dancing couples can be identified by using a different girl and boy for each couple named: The 
couples should be identified and their names recorded: After all pairings have b6en made, the total 
number should be determined. The set jof aU couples named or the set of all ordered pairs made by 
pairing each member of the first set with each member of the second set forms the Cartesian 
product of the two sets. 



A'^number of other situations of pairing the members of two sets should be used to help children 
understand how Cartesian products are formed. For example, form a Cartesian product using a set 
of three boys and a set of motorized vehicles. 

b. 



Red 



Blue 



Green 



Ann 



Jane 



Sue Mary 



The accompanying figure is a graph of the following possible ordered pairs of the relation is 
the color oL The pairs are represented by lattice points in the graph, 

/ * " 

' Is wearing the color of = < (Ann, red), (Jane, red), • 

(Ann, blue), (Jane, blue), , > 

X (Ann, green), (Jane, green), 

(Sue, red), (Mary, red), 
(Sue, blue), (Mary,blu^, 

(Sue, green), (Mary, green)^ . ( 

In the second figures the points which are circled make a graph showing what CQ^jjyb^the girls are 
actually wearing. ' ' 



Red 



® 



® 



Blue 



Green 



. ® 



Ann Jane Sue Mary 



State the orctexed pairs of the points v/huih are circled. Are any of the girls wearing the same color? 
c. Have the pupils pair the members of the set A =|-1 , 2, 3, 4 [with those^W'B =[ 1, 2, 3 (to form 
the Cartesian set called A X B, read "A cross B," and then draw the set of lattice points forA X B. 
A X B=|(l,l),(2,l),(3,l),(4,l),(l,2),(2,2),(3,2),(4,2),(l,3),(2,3),(3,3),(4,3) ( 



3 



The pupUs should have practice graphing dartesian sets and also in selecting and graphing solution 
sets for open sentences. For example, the Subset of A X B which is the solution set for □+ A = 4 is 
j(3,l), (2,2), (1,3) } and the graph is shown. Notice, that the solution set is embedded in the 
Cartesian product. , — - 



0 



4 A 



Other examples of open sentences should be given such as the following 

: A > □ 

Other examples of CanfEfsian sets are as follows. 



- ■■^^^ Dfhere C ={ 0, ly.Z j • . | D - 1,2, 3', 4 { 
E X F where E = F = | 1, 2; 3, 4, 5 [ and the like. 
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obj. 
4,5, 
6,11 



After the pupife'are able to find missing parts of machines as in numt^i asK them to find pairs of 
numbers for machines such as those illustrated. 



'1 Lj^ 



Have pupils record their findings in tables such as the following. 





+ 3 




I 

2 
3 





- 4 





x2 




I 

2 
3 





Graphs of some of these pairs are as follows. , 



'■7 
6 
5 
4 
3 
2 
I 



12 3 4 

+ 3 



7 
6 
5 
4 
3 
2 
1 



1 2 3 4 5 6 7 8 
-4 



12 3 4 



^Give students various types of machines and ask for tables and graphs. 
Examples 



^1 



+ 2 









7 


0 






I 






2 






3 





12 3 4 
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p 



double and 
add 1 



V 





double and 






add 1 




0 

1 




2 




3 





7 
6 
5 
4 
3 
2 

1 ^> 

0 



^ multiplied ^ 



multiplied 



0 




1 




2 




3 




4 




5 




6 





40 



30 



20 



10 



1 2 3 4 5 6 



NT divide by 5 

7 and give 7 

^^^/ | the remainder 



divide by 5 
and give 
the remainder 



1 




2 




3 




4 




5 




6 








8 




9 




10 





5 
4 

3 
2 



12 3 4 5 6 7 8 9 10 



ERIC 



69 



Extend the u^se of machines to the study of fractions, decimals, per cents and integers, for example 
using per cent. 



vl 

20% 

-1 ^ 



>4* 



V 



-1 



?% 



V 



^1 _h 



20% 



50 




40 




30 




20 





33t* 



50 




45 




30 




15 





1% 



10 




8 

6 




4 





25* 





20 




16 




12 
8 




a. Ask each child to hold up one pencil as an illustration of one-to-ohe correspondence of pupils tp 
pencils. \ . , 

b. Show an example of one-to-one correspondence using numbers. 



+ 2 




c. Have pupils suggest other examples, both numerical and nonnumerical, of one-to-one correspon- 
dences. Make diagrams similar to the one in 9b to reinforce the idea of pairing. 



10. a. Siiow an example of many-to-one correspondence using numbers. Ask pupils to give 
examples with the relation multiply to. 



multiply to 




b. After other examples are discussed, ask if any ordered pairs which multiply to 12 also n 
to any other number? t)f course, the answer is no, and this is true for each of the other 
pairs ip any other set under the relation multiply to. Therefore, these sets are disjoint, l 
equivalence classes in the same sense as in activity 2: 

c. Relations arising in earlier activities might be investigated to see which are many-to-on 
spondences. 

11. a. Map the many-to-many correspondence of the relation 2 pencils cost 5 cents and ask p 
suggest other examples. 




b. Use a correspondence such as the following example. 

A A ^ □ □ □ 

A A > □ □ □ 

A A ~ > □ □ □ 

A A > □ □ □ 

Record the relations as follows. " 

two triangles match squares 

four triangles match squares 

six triangles match ^squares 

eight triangles match squares 

Record as ordered pairs by completing the following 

(2,_),(4,__),(„.,9), ( ) 

Record as ratios by completing the following. 



Use other combinations of triangles and squares or similar phy^ical^represcntation to strengthen 
understanding of ratios. 



c. In the many -to-many correspondences in parts a. and b. there is an infinite set of representations 
for each correspondence. In example a., the correspondence of 2 pencils to 5 cents could also be 
represented as 4 pencils for 10 cents, or 6 pencils for 1 5 cents, giving the following ratio form. 



j4 
10 



6. 
15 



_8_ 
20 



* • • • * 



2n 
5n' 



This infinite siet is called an equivalence class, and in the general term, n stands for any counting 
number* The equivalence class genetated in b. can be written as follows. 

/l.i..6..1...-.2n....l 

( 3 6 9 12 3n f 

Ratios do not come exclusively from many-to-many conespondences, but can come from one-to- 
many or many-to-one, giving the followjjig examples of equivalence classes. 

/ 1 2 3 n \ 

(4 8 12 4n J f ' , 

5n I 
n ■ 

■■■} 



n ' 2 
jio 



3 



20 
4 



20 
6 



30, 
9 ' 



lOn 
3n 



2. a. Equivalence classes generated in activity 1 1 should be used to develop proportion. A proportion 
is any pair of elements in one equivalence class of ratios, y = :|- is a proportion. 

To use the equivalence, classes, proceed as follows. 



oblcm 



Procediircs 




-1=1 
3 ? 

(1) 
(2) 



(3) 



_2 , 
3 

3n 



NT 
2 



2n 
3n 

A 

9, 



This sentence is true since the ratios belong to the same 
equivalence class. 

The\^i^lem can be restated using the transitive property 
of ^tju^ity. 



X N 



V 



By using a machine, determine that N = 4. 



(4) 



NT 
3 



7 



By a second determine that ** ? is 12. 
at is 



That is ^ = J_ 
3 12. 



Exercises in proportion may be found in textbooks. Applications of ratio 'and proportion may be 
found in the study (j^^^jm^ibr^^ in the strand Geometry. 




r 



b. Fquivalence classes of ration 
classes ofj^atips. The pupils should 
on one line/The infinite set iy 
shown as folJows. I 




pwac^ that all poll 
3n ] 



ferent colors for the different 
equivajea^ifejilass of ratios lie 



a^unting nii^nber can be , 



ob}. 

obj. 
3,4 



12 
11 
10 
9 
8 
7 
6 

5 
4 

3 
2 
1 

0 























- 




















































- 

























































































































6 7 8 



13. f-or applications of proportion, have the pupils measure distances on maps 'in an atlas'\ 
maps and determine approximate distances in miles from one location to another. ^ ■ 

14. A ratio which has ^100 for the second component ^may be represented with the symbol f^ercent^ 
such as 57r for yoo • Si"ce any ratio can represent its equivalence class, the pupils should have' 
experience generating classes of ratios which include some with 100 as a second component J^efore " 
doing any computation with percents. 




0 


3 


_ JO 






6 • ■ ■ ;^ 


' 100 


2n ( 




0 






20 


30 ' ' ' 


" ' Too ' " ' 


1 On) 




3 


25 




8 


12 


100 






3 


_ _2g 




To ' 


15 " ' 


' ^ Tod ' 


5n i 



or the, 50% class, so 2 ts 50% of 4 and 3 is 



By inspection, ^ and ^ both belong to the 
50% of 6. Similarly, 3^ belongs to the^ 30% class, so 9 is 30% of 30. 

When computatioD^witli percent is introduced, choose ratios so that the second component iX 
factor of 100. 



/ 
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Example 



since ^ ^ JO 
20" 100 



since 



6 = ^ X 20 



6 is 30% of 20 

4 100 
Therefore, 1 is 25% of 4. 



15. a. Ask the pupils to consider the open sentence A+ 3 = □+ 4 with the truth set defined on{ 0, 1 , 
2, 3, . . . 12 [. Some ordered pairs^f (D.Zli) that make the staj^ehient true are (2,3), (9,10), (4,5), , ^ 
Have the pupils to record the ordered pairs by completing the table shown. In problems of this type 
if the first elements of the pairs are written in sequential order in a eolumn 6f tKe table, a pattern 
emerges. - „ 



□ +4 = A+ 3 



□ 


A 


0 




1 




2 


3 


3 




4 


5 


5 - 




6 




7 




8 




9 




10 






Have the pupils complete the graph of the sentence as defined on the given set. 

□ + 4 = A + 3 



A 



12 
11 
10 
9 
8 



5 

• 4 

3 
2 























































































































• 




























































^5) 
























— 




















ST 





































































1 2 3 4 5 6 7 8 9 10 11 12 



□ 



b. Have the pupils make a table and plot the graph of ordered p'airs of the solution set of A = □ + 




nave tne pupils make a taoie 
defined Onj 0, 1, 2, 3, , , , 10 }. 



C. Have the pupils make tables and plot the graphs of ordered pairs of the solution sets of 
''equation^ such as A= 2 X □+ 1 de-fined on| 0, 1 , 2; 3, ... 6 |. 

d. Extend these activities Including equations defined on the set of whole numbers and the set of 
integers. 



16. Have the pupQs plot graphs of inequality relations d/fined on the set of whole numbers and the set 
of integers. 

Example 

Graph the truth set of A > □ + 2 defined on the set of whole numbers. 



A 



4 

3 ♦ 

2 

1 



( > • 



1 2 3 4 5 6 
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17. a. A number line may be used to represent the truth set for an inequality on the set of whole 
numbers. ^ ^ 



< t 1 I • • • m I H » 3 < □ ^ 7. > 

'-a- 1 2 3 4 5 ^ 6 7 8 9 

Havt the p«^s graph the solution sets of the following inequalities on number lines. 




b. A number line may also be used to graph the truth set for an inequality on the set of integers. 

□ < 5 



■ ^ 



^ ^ ^ ^ f^. ^ 

^ " " " ^ " V. ' V " ^ ^ ^ ' — ^ 

'6 "5 '4 "3 *"2 '1 0 1 2 3 4 5 6 

18, a. In introducing the study of functions, use nonnumerical relations such as the ones suggested in 

this activity. Functions are special relations. A relation in which each first element is paired with 

only one member of the set of second eifhnents is. a function. Functions (or mappings) can be 

corre^ondenccs that are one-to-one or many-to-one. 

.... . 
Have the students write the f elation k the son of defined on a set of nlenj Mr. Jones, Mr. Brown, 

M.Mr. Smith [and a set^ofboysj John, Tom, Sam, Bill [ 

'The relatibn would' be -is the son of =| (Sam, Mr. Smith), (Bill, Mr. Jones), (Tom, Mr. Smith), 
. (John, Mr. Brown) |, , 

Since each boy has only one father, the name of only one man can be paired with a name of a boy 
in that set. Therefore, the relation is //ze sow o/ is' a function.. s. « . 

The relation is the father of is not a function. Using the same s^ts of men and boys given abovl,the 
relation would be as foUojvs. 

' is the father (Mr. Smith, Sam), (Mr. Jones, BUI), (Mr. Smith, Tom), (Mr. Brown, John) |. 

Since a father (Mr. Smith)' can have more than one son, the relation m the father of is not a 
function. < 

The graph of a »reIation'can jeadily show if the relation is a function. If any line parJiUe! to the 
vertical axis intersects the graph (if at adlXin only'^one point, theft the relation is a function. The 
graphs^^ the two relations stated above are given here as illustrations. In the 'graph of the second 
relation tl|e vertical dotted line contains two points of the graph; thejefore^this relation is not a 
flection. No vertical line contains t>v6 points of the first relation; therefore, this relation, is a 
function. ' 



Mr. Smith 
Mr. Brown 
Mr. Jones 



John 
Tom 
BUI 
Sam 



i 

I 
I 
i 
I 
I 
I 



Sam Bill Tom John 



Mr. Jones Brown 



Smith 



b. Ask .the pupils to arlefct from the following sets of ordered pairs those which are functions. 
{\)\ (John,Maiy),(Tom, Agnes),(Jokn,Susan),(BiU,Jane)4 



{2)\ (cat, kitten), (<|pg, puppy), (cow, calQ, (hen, chick) | 

(3) j (baseball, bat), (golf, club), (tennis, racket)} 

(4) I (fruit,' orangc),'(nut, pecan), (vegetable, com), (fruit, peach) [ 

The pupils will find that (2) and (3) are functions, but (1) and (4) are not functions because /o/yi is 
the first n\cml)cr in two pdn and^/>is the first member in two pairs. 

c. ^^e machines in activities 7 and 13 are sometimes called function machines. Have the pupils 
determine why these machines can be <q named. Have them pay particular attention to the test for 
functions-using graphs. ' 

d. More capable pupils can be challenged iq^find the rule frofn jtables of data. Below are some 
examples. The problem for the pupfl is to determine how to get A given the vahte for □ in each 
case. ^ 



□ 


A 


^ V 


0 


1 




1 


2' 




2 


3 




3 


^ 4 








1 ^ 


□ 






0 




3 


1 


5 


■A 


2 


• 




1 


11 






□ 




0 


' 1 

^ 3 
^ 1 







0 

i 

2 

3 • , 


. 1 
• 



sometimes help^l to have activities which are extfe for experts'^on separate 3" >^ S" cards 
the pupils c^ work on these indepAderitly. 



so 



19. a. On a grid or pegboard, have pupUs outline several rectangular regions ^ifttig a given area (12 
square units; for example), but having different dimensions. Compute, the perimeter of each 6f 
these re cringles. 

b. Using the data from part a., have the pupils make.graphs,jfiIotting the width of th'^rectangle on 
the horizontal axis, the perimeter otf^Xht vertical axis. Some questions which •can be raised about 
the graphs are as follows. " y 



• Can the width of the rwtangle be smaller than 1? 

• Can th"e width^tthe rectangle be larger than 3,j(asSuming; 
the givefetega ijfi 2 as suggested)? 

• Can th^^ra^^ kave a perimeter of 5? 
•>|Can thrivMraifle have a perimeter of 49? ■ 

What is the s^nallest perimeter this rectangle can have? 

• What is the largest perimeter this rectangle can have? 



c. As a resdlt of the questions, the pupft may want tcradd some more points to their graphs so 
thnt the pattern becomes more distinctive. 



d. A variati6n Of thg^/^cjfivtty in parts a. tKrojt^ cis to aSisigiva given perimeter to the. rectangle 
.^12 units for example), and iiivestigate the various areas' enclcfsed^bj^ rectangl^V of given perimeter 
but difiPe/e'ht dimensions. Comparison of the graph to be made hei^lind thit in l). is instructive and 
^ to some pupils TTurprisiBg.' - > ^ V ' ' ^ 



20 1 M^ivtVLhf students so(ye by insp^ctibh equations such arthose given below. 6 



□ + 5 = 11 

7 - □ = 3 
X g = 64 



□ -2 = 8 
3 X □ = 27 



2 X □ •t,:3''= 19 



V 



Next, use letters to represent the missing numbers^n equations whicllycan be s^edby inspection 




3y + 2 = 23 
y = (3).(22)(0) 

(^ )(3)^ ( 5) 
(2)(3)2 (5) 




^ Have the pupils write on slips of paper so 
papers and ask the pupils to solve the.efftiat 



ations ID be solved by inspection. Exchange the 
ey rfec/ive. 



1 ^^^ ' 



b. Wijte on thc^^halkboard a few equaUons such as thoie given below. These should iprob ably be 
presented one at'^^e and as puzzles for the pupils to figure out. Reasonably good students can 
succeed af this if.|ilyeri^Ume to think and try out their hunches/The pupils should be permitted to 
solve the equaiUyxf^^r own way arid to discuss their methods before proceeding to the next 
example.' ^ > ; . , " . 

..J.? 4 (orx- 3 =-4^ .. . 3(t-3f'=15 

■ 4'' ' ' ■ ■ ■ * 

^ = 4 (or (x+ 1) - 3 = 4) + 3 = 28 - :v. 

2(3y+ 1) ^20 '.^ : I ^ - - ' H 



c. To introdute more'^fbBjial methods for solving equ^^ion^^ the foIlowing:;^r ca^i be, used*. 

If the pupils axe proficient in .finding solutions by inspectibr^^^ are easy. If i^ot, gj|gest that j^i. 

they try some /numbers. The conclusion is th^t^both equatfcns have the same sojutioni^amely, 1. ^* 
^ Equations w|j|Eh have the sime solution; s^Ve called equivalent equations. Formal equation 
^solving is ♦process of.changing an equation into ^Ifequivalent one which easier to solye/^ince an 
.e^ajion is-* senten^bout equalitj^of numbers, properties of-^mbers and operations and 

prop^iesoTequanty af^used in thisprose^ 

These properties of equality are shown below with a, b andc ^ numb^jsand three ofykrithmetic. 
Reflexive '^^or each a, a - a. ^< 




^ ^ Symmetric for each a and b, \( a = b, tyten b = a. 

Transitive For each a, b and c, if a, = b and b = c,, then a ^ c. 

The fir'si two may seem trival but their importance will be realize^ as equalities 
^ ^ are studied. ' . . 

^ ' X Other properties^^quality are as follows; ^^^^^ 

Addition For^ach a, b and c, if a - b,. then a c^ = b c 

^ Multiplication For each b and c, if a - b, then = be, /i ' 

^ ■ ^ . Cancellation of addition For eaih a,b and if a c - b 1>-cMhen^ = . 

Cancellation bf multiplication" 'For each a, and ci^O, \i ac r be, then a 

Pupils^o were suc^^sful at parts^. and 1?. will find that the following formal solutions essentially 



> describe their^TT^iftiMs.^ 

^ Example ! Sc^ve x + 4 = 9 ^j^^ --— ^ 

so x^+ 4 = ^ 



transitive progirty 
X = 5 cancellation or addition 
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Exampte 2 



Example 3 



Solve 3*m = 18 
* 18 = 3 6 

$o3Tn=^ 3-6 
and m = is 

Solve 3(y+ 1) = 20 
2!b = 2.1 



so 2(y + 1) » 2 
an^i y + 1 = 10 ^ 
10 =9+7 
so y + 1 = 9 + 1 
and 'y = 9 



transitive property 
cancellation of multiplication 



transitive property 

multiplication 





fe property^ 
iCeilatibn addition 

To explain the formal solution of an equation, such as^ 3<t 2) = 15 , pM^eed as fbUows> 



3(t-2)- 15 
IS = 3-5 
so 3(t-2)= 3-5 
and t - 2 = 5 > 
then (t- 2) + 2 = 5 + f 
and (t - 2) + 2 = t 

so ^' t = 5 + 2 
^r . t = 7 



transitive property 
addition property 
transitive property 



The examt>le; gi^yen demonstrate /tow properties of ^ualitV;^an be bsed to change an equation intg 
an equivalent orte; these examplesf do not explain vi/hy the Jfptutij^n is correct. A solution i^ correct 
only if it fits th^ condition of the problem.^^fl^s, in example Ij^ 5 solution because 
5 + 4 = 9andiiTexampleX9isthecprrcctsolutionbeca;«e2(9'+ 1) = 2-10 ==20. ^. 

c. Have the pupils ^graph on Tiumber lines the solution of equiations such as the following. 



Answers 



A. 



V * 

7' 



7 



1 




RELA'ri<5NS AND FUNCTIONS 



OBJECTIVES 



The 

1. 

2. 
3. 
4. 
5. 

; 8. 

10. 



pupils should heible to do the following. 

'• '* ■>* 

Classify elements of a set according to speciHed properties 

■ ■■ - > ■ ' 

DcnjonStrate correspondences (a) one-to-oHf^(b)one-to-many,(c) many -to-one and (d) inj|j[W-^ 

i^pply equivalence re]atipi|S^^;€lements such as fractions, ratio^ and geonietdc|i|||es 

Find the rnissing efemenf^^jiroiir when one member of the pair and the rel 



to-many 



en 



12. 
13. 
14. 



Find some pairs of eleniettS^-hen a relation is given 
Find therelation when a set of ordered pairs is given 
Use thaBjoperties of equality 
Graph equalities on the number line 
Graph equalities on a coordinate plane 
Determftie i^«^^yeft-teIatioq is a function ' 

(b) sente 

(c) formulas 
(ii) mappings 
(e) tables 
(0 graphs 

Order a set o^emehts according to a specified relation 
^Gfaph inequalny relations on a number Itfle 
GrapTTrnequality relations on a coordinate plane 



\ 



I 
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GEOMETRY 



INTRODUCTION 



The topics begun in the primary grades should be further d^oped in the upper grades, t^ing into account that a particulaiT 
class may need revi^ of or even introduction to some of these topics. The pupU in the upper grades should be able to^i^ 
at a more mature level, so that Itopics can be pursued at greater depth. However, even a seventh grac^upU will need soim 
first-hand experience with rotationsJ^jfore he can r^cogpize that some particular set of points is merely a rotation of another 
set pf points. € ■ / * ' 

""""""^^ere is more to the study of geometry O^n identification of^shapes* and measureinent ofTigiires. Re^^on of relation- 
ships IS very inl^^rtant. Cdnsider.the difficulty many pupilsl^lve in learning to use a protractor, Given4e t^k of measuring 
the angles in the-iccompanying illystration a pupU may jreport 1 20"" for (a) and 60° for (b). 



\ 






/ He is noi likely to rejfect tfhese answers unless he recognf^^s that the angles are congruen?. That is, beft>w^upil can mak-e use 
^of a/efationship, he mus^ first of all recognize, it. The inten* of this guide is to provide, opporti/ities fo^upils to discover 
felationships and to recognize the conditions which give rise td those relationships,. % 

' i ' ^ ^ ' ' 

For this reason, it is lielpful if the study of geometry bfelow tlie high school level is thought of as exploration of>space. 
^ploT5>HQ^3^iii|^s searching/ probing, making discQyeries. The activities suggested in the j)^wing pages are intended to give 
a pupil the soctVof^st-hand experience mich can ^erly be caUed-exij<^ratiofl>>JJ^ turning, shding? foiding he 

learns to' predict ^fe^ appearance of geometric figures uMkr different conditions; by designing a pattern for a model he learns 
arts ftixia h^ assembled and what arf^rtgements of these parts %i!l and will not work; by creating larger and 

!endent of size. ' ^ ■ 



forViimseir wtat 
smaller copies he 



discovers properties whi 

^An explorer does not set out witly i;2^-^aA^it>nerary and an immutable timetable, but it is helpful if^he can consult from 
time to time with someone who lcno^^>j|^ter>»n and can give him some advice. In exploring geoirietiv. the teacher can be 
this consultant by sugg^e sting, other things, to try, posfng^he right sort of question^and encouraging the pLpU to find'answers 
by expejimentjfig with objects' or representaticmspf objects, / -^Z - \ 

Finally, an eVJorer lakes not^s as^e goes bjn-.writes the final report at the end of his journey.- Wus/in geomefy, formal 
definitions' a^ precise stat(irpeflfe^ generalizations should be^.the culmination rather than the beginning of a journey 
through a ,topy^^||4eacher pl^s)gjhtal role h^Tfbr the young explorer cannot discover names for what he has see rv; these 
itiust.be supplie'l^Phe teacher. The pupilg^lls, turns, slides and.folds pieces M b^llooji/or pjeces of paper with drawings on 

--■^^4- — .v<wi> .. - « « ^--—.'he'will^rind^t hel^ful'to hav#a single word to 

use mjtead of repeating' the sequelit 'tuWngv turningV sliai^^ can then supply the word tr(f>is- 

fomation or wof/o/j. ^ The pup^Kowevef,, does •^lot need'^d iaioW this wqrd bS^re he starts out; he can learn what "le 
piitures Iook,like withoufever having h#ard thevword. Like\^el1n'discussion it may be helpful to haCe aword to use instead- 



8Z 



»3 



v.. 



of "all these ways the drawing might look if I turned the paper " an<^ainL:4li#teacher can sup^I)\the W fo^J^^ • ' 

set of drawings in question. The role of language io geometry should be toyacilitate learning.aod p^munitation^^^rd st(idy * 
should not be an end in itself. A note of caution, however, is in^derSome words in geometry are ajso^used in eveyryday life, 
but with a slightly different meaning. In these cases, it may bevwise to call the pupil's attention |o\the familiaruses of the 
words and point out the restrictions relative to geometry. A^ood example is the word straight. r'Going straight^own the 
road** may not be straight in the geometric sense. / - — ^^^^ 

Since this volume of the guide is intended to span grades 4-8^ some olf tlio activities outlined here are too difficult for fourth » 
■ 'graders. The teacher will need to select and pursue those he choose I to a depth appropriate for his class. Provision has been 
, made in some activities for copsiderable depth of development. Supplementary suggestions can be found in the references'" 
given in the media listing and in the geometry strand fdrprimary grades. 





.if- 



GEC^MET)^ 



Objectives 

Keyed to 
Activities 

obj. 

la - 



ACTIVITIES 



obj. 
la 



Draw a figure on a piece of rubber sheet such as^a .bpol^n balloon and practice pulling the rubber 
sheet different ways to see how the appearance of the figure can be clianged. Have th^ pupils sketch 
several different configurations the^ can produce from 3ijj|tee drawing as 0*Jrom oo. 

Some pupils might like to challeffge one another by proposfflfJricky variations. After som^ individ^ 
ual experimentations, pupils shguld be asked to sketch some forms into which The original could 
not be deformed by pulling. UltinVag^ly tiie pupils should learn that, for example, Ocan be de- 
IWfiied to A and O but not to 0% or to that is, O, Aand CZI are all equivalent. The geoboard 
is useful to show deformations af simple dosed* curves. Discussion should then bring out that 
simple closed surfaces such as cylinder, sph^rp/cube and the like are all equivalent under defor- 
mations. ; 

To ^how the (topological) equivafej^ce of simf>ie paths, direct, the attention of the pupils to the way 
that roads afeH5uiIt from one side of a mountain to the othef. Even though the roads may wind 
around the mountam in different ways, each road^oes frO^ one side to the other and dots not 
cross itself. All such roads or paths are topologically equivalent. Have the pupils use a cone and 
piece of yam or elastic thjead and experiment with some of the different paths they can make. 




Obj. 



A transparency with a diffi 
r^^tations. The design use 

Jres^^xfiL^jsed they will ri 
^xaorple, if tnKtransparency 





i^reach corner. can be-used to demorlstr^te reflections and-'' 
;parency should be asymmetric; If circles, stars, of $uch 
I the distinctions which characterize ^hese motions. Fot " 




Y and is rotated clockwise a-^uarter turn, it will Iook-lik«4his, 





ERIC> 




or this. 




V 



The latter is the image under a reflection and is illustrated by turning the sheet over. The pupils will 
need quite a bit^)fexperience with these motions in order to fearn to distinguish them. It might be 
helpful if each pupil^ad a copy of the design so th^ Ife can handle it and imitate the motions. See 
activity 6. ^ " . - - 

4. Potato prints can be used effect^N^Iytoshow translation and/or rotation. To illustrate translation, 
3f have the pupils make a potato printanatKeS repeat the print. To illustrate rotation, use the same 

print (or make another) and either turn the potato or the paper each time the print is made . 

5. Mirror cards may be used to review or strengthen the understanding of reflection (see reference list 
,of instructional aids). As an additional activity, the pupils may make ink blots and thfen use either 
crayons or tempera paint to add to or fill in space on each side of the blot so that one side is a 
reflection of the other. For further consideration, suggest to the pupils that they see if they can use 
a-«potato print to show reflection. They may^^b^ surprised to discover that they cannot. Let them 
use a mirror* to check to see if their exampSs did show reflection. Additional activities may be 

' found in books listed in the annotated referenced the media i^ction. ' 

To help, in exploring transfomAafions involving symmetry and rotation without introducing any 
thecKy, there are^ interesting games involving lu^^'ion which illustrate these ideas. One set of such 
; games, Jialled flipping ga^es, helps to illustrate, symmetrical transfomi^tions. On a sheet of acetate 
" or cardbAard^ draw a figij^e 8 on perpendicular lines as shown in the diagram. - 




Red line 



yGreen line 



Hold>it at each end^of a line of symmetry and flipit over. The point'X is mapped to a new posj . 
thoMgh the whole shape remain^ in' its^ previo)ifcposition. 





Green 
Original placements 




One version of the flipper games involves 4 players. On the floor draw tHe figure large enough for 
each player to stand in one of ^^^^^^^^.'^ regions which be£on|5ftJtis hornf base as illustrated. 

Red 



Green 



One flip about red line 



One flip about green line 



/ Mark one line of symnietTy. red and the ofher green, A fifth pupil, called the flipper, holds the 
' acetate or cardboard on which the smaller figure has been drawn, the lines of sy^Jfmetry marked red 

and green and the regions labeled with the playei-'s' names. If cardboard is used, it will be necessary 
- to draw the figure, including homebase assingments on both sides, so Ihat one is the mirror image 
'^of the other. The Hipper must be sure that M holds the diagram m the same position as tfie diagram 

on the floor. 



The moves jc/ the game. are as follows. 

flip 4 the diagram is turned over about a specified 
line. For instance, for a red flip the flipper > " ^ 
would hold the sheet of acetate or cardboard at]\^ 
each end of the red line and flip the sheet over. 



rotation or turn - the diagram is turned around 
the center point. There are four rotations — a 
full-turn, a half-turn, a quarter-turn' 
turn) and a quartef*t'um right (a righ 



To begin the game the flipper tells w.hat 
going to make a green flip. Wli.ere will yo 
be. Other problems should be posed such as 





^h^l^'ill ffikke withiTie shap^ .Wennay 'say , '1 ar^ 
&h^ach*^upil moves^o where, he. thinks he should^ 
kind of move will take ypu'home.again?" or ^ 
^am going lo do a red flii^^and then a grpen Hip, Wliere will you be then'^'' More explicit dir^etfons 
^ for this activity and similar ones, as well as games for learning about rotations, are found in 
references listed in the media section 

' • 

When games such as the above are used for learning mathematicaf ideas, they should be followed^ by 
discussion to ensure that the ideas were comprehended. Some representative questions which '>iight 
be asked following a flipping game are as follows. 

Is ajotation followed by a rotation the same as one rot3^^^?'-*(j^nsw^^es^. • ' 

>ls a flip followed by a flip ^(?^ame as one 'flJp'^ (Answer no) * 

The set of rotations and reflections has many^of th^>»'Ttmi»4ies-x)f a rtilmber system- closure, 
* associativity identity ^nd inverses. More mature pupils will erthahi^ their understapding of mathe-' 
matical systems by looking at this model exploring the properties. ' 

7. Pupils seem tQ gain an understanding of similarity from everydav experiences? F«(irexample, model 
cars are similar to ac<^ ^ize ones, and the te^cli^i^s>^ng on tft board to^illu^fate the fo^pation 
of letters is reproduced sir7iif^..by pupils ton their paj^rs, Encotirage Ihe pZp^s to supp^other 
examples of equivalent, 'enlargrobr reduced copies. 




a. In two similar figOres, the X^o of pairs of coiiWsponding sicjes or dimensaoils is constant^ To 
introduce students to similar figures and related r^vos, use enlargcinent and shrinkage of patlerns. 
Each pupil wtfl need graph paper on which to draw t>ie figures as shown. 



The j^acher show i figure olj^the chaikbpartf or *by using the overhead projector. Ask pupils, 

w graph paper using firsii |he small squaintts, then the middle size squares and 



1 


1 




1 

1 


1 
1 






1 





'Fig. I 



i\ I I ■ I I I t I . I j M , I I 






Note: Smallest blo^s 'could not ij*f§fiown o^ these c^awings. 





•Whe(i they finish copying th&?drawjrtgs ask th^ following questions. 

^ Are the figures s!jinular?vi ^"^^^ ^ ^ ! ^ \^ ' 
"^y^are they-n^the same ^e? ^ . * ^. - ] ■ 




rW Lea^the^upils t(|f<b'5erve that each figure is ten squafes wide ^t.the bottonijoih: squares high 
^ 6n the. left side .and so. on but th^t th^ squares are different sizes so the finished drawings are 
^ differerit.sizestj / , - ^ . * ^ ' 

, ^ - S: : y ' y • ■ ■ ■ ' ■ ' ■ 




c. Ask the pupils if.they can find a relationship between the different size squares (each medium 
sized square is 5 Uttle^uares on each side, ajd each large* size square is IJD little squares on each 
side.) To find the constancy of the ratio, the pupils should answer the following. ' 

(1) Wh«t is the count of small squares to the highest point of each of the three figures? 
^ in fig. 1, there are 9 \ ' * , 

' in fig. 2^ there are 4^ , 
in fig. 3/ther&are 90 

What is the ratio of the heights wJien comparing fig. 3 to fig. I ?.Fig, 2 to fig, 1 ? What do you 
notice about these ratios? • . 

(2) Does this ratio remain the same for other parts o/,the figures? Count.to determine, 

(3) What is the rafio of height of fig. 3 to height^fig; 2? Why shooild this be the case? What 
is the ratio of thp base of fi^. 3 to base of fig. .2? 

d. The pupil will probably need practice i(i usmg the constancy of the ratios of simOar figures. A 
number of problems of the following type are helpful. ' 



r 



Fig. 




: (1) Xhe rectangle in figure 1 is 3 units wide and 5 .unitS Iongf%^the rectangle in figure 2 is 
similar to that in figure 1 and is 0 units wideVhow lone is'it'^ - - ' I ■ ' ' 




(2) The triangle m figui^e 3 is 3 units tall and 4 1/2 unit<i lang/If tfee triangle in figure 4 is 
similar to the triangle in figure 3 and is 2 units tall, how many units long is it? . ^ . 

e. Next the pupils might consider people and their shadows. ..v.' 




MltV 



/ 




Child 




Shadow 



^ 'any givgnfitimeMf the day , shorter people will have shorter shadow's. N.otice that the shadows a™ 
formed by (parallel) rays from the sun, ^d similar triangles ensue JUsing knowledge of the ratips of 
similar figure? pupils can solve the problem. The man in the figure is 6 ft. high and cash a shadow 4 
ft. long; if the boy's shadow is 3 ft. long, how tall is the boy? ' * 

f. The pupils a^ probably then re^y for' the fblfowing activity. 
[^^\^ Calculate,4he height of a tree or a building by 



measuring^the shadow."^ ^ 



88^ 





0 



Tht children will need yardsticks and 50 foot t^pos. They are to measure the shadow of the tree or 
building and also the height and length of the shadow of some actessible object. 



tree 

height 

is? 




measurc^*^ 
' pole 




measure shadow 



measure shadow 



From the above m.easurements, calculate, using, appropriate ratios, the height of the inaccessible 



tree. 



5^ 



0 . The members 0f the class should work in gfou|)S^theach group using a different accessible object 
Have them complete tt^ chart. * / ' ' 



Groups *L 


1 

Object 
used , 


. Length of « 
Shadow 


Height ' 


Ratio 

■ « 


Lenpth of ^ 
Tree* Shadow 


F — ""^^ 1 

Height of 
% Tree 




■ yard- 
stick 




— .-.^ — ' -J — - 












1 










111 ^ 


' boy#;7 












IV 


girl 








V jiy -J 


^ 




Different groups may be e/tpected to arjive at different answers for the height of the tree'. Dis- 
cussion of the discrepancy provides? the opportunity to review the approximate nature oft measure- 
^^t^^ee.the strand, Measurement. 

vfein/dfce what has lyen learned. abt>ut motions^rotation,. translations, stretches), provide work- 
ts for the ptipils. Such a.wbrkshe^ shtsiild show a collection of figures as illustrated. 




The problem for the pupil wouJd^be to select tJ\o^ which are equivalfent and to nam^'the motion 
which makes ''them alike. Pupils should be expectecTto recognize all oT^e figures j^cept (g) are . 
topologically equivalent. Figure (d) is \ rotation of ^fc^Figure (f) is a trahldat^on of (b) and'sb on. 




I'or 'Mipils 111 (Jio iipprr grades, tlicw^ worksficcts slioiild ijk liiilr angles aiul s^'grnonls a.s well as 
sunple iluscd < urvcs such as sijuaies. eireles and Inanglos Ifiey should bceonic a( eiislorncd to 
reeogni/uig anglesi)( Ifie same sue in (iUTerenl oiieiUations ' 




(a) 




oh) . 
la.Jh 



10. 



f.p} example, a rotation will niake figure (a) lit exactly onto figure (h), When congruence tor angles 
1^ shujied later, the pupils will havi- hail tirsi haitd experience with the idea. 

An mterestuig topological prohh-m concernuig surfaces is that of map (U cra/y (juilt c<doiing. iii 
which neighhoring countries or (|uilt pieces sharing a border are colored diflcrently. One prohlern is 
li> coloi all regions or [)icies wilh the lewesi c<ilors possible, Generally, pupils will discover that 
foui colors are suf licierU. allhough ii luis not been [uoved (ha( lour aie always sufticiont. SuggesI 
thai (he [»upils allem[M lo design'a (pull thai would necessilate more than four colors, 

- rile children may also be asked lo design a quilt or map which coujd be made willi only two colors, 
llien three, reniiiuling ihem lhal al least three pieces must be used ami tfie design rmisl cover ihe 
entire region. Some examples an* given below. 






^M- Pupils somelimes have tlifflculty dislinguishing between surface area and volume of solid... The 

-3.1b following activity not only offers opporluniiy for discovering alternative patterns toi solids, it 

should also [uovide a clear distinction between points whicli belong and points which do not belong 
to these solids. Having assembletl a nK)del, tfie pupils should be able to visuali/e more easily what 
surface are.i measures. 

- . J CI the pupils handle arui examine models of the five regular geometric solids; they should then be 

asked to create their own patterns lor making flienu Pupils will need to try out several patterns 
before finding one which will wt)rk. Let the pupils make their own patterns and not use one 
piovided by the tcaclier, in this way they may discover that the pattern for a solid is not unique. 
However, not al! oi the pupils should be expected to make patterns for all of the solids. Some 
pupils may he able to devise a pattern for only the cube and tetrahedron; others rnW be able to 
make all. \ 

Pupils may make s(^lids wfiich are smaller or larger (lian the demonstration inodel, but the similaritv 
of the models should be pointed out. 



^0 



I'he livc leKiilai sollda arc aa HIiMtrafed. 




Octahedron 




Dinlccahodroi^ 









J J 











I ctrahedron 




Icq sahedron 



Have the pupils draw pictures of intersections of point sets. F-or example, have a pupil draw a 
picture showing all points -common to faces A and B of the given cube. The response sliould be the 
drawing of the line segment common to face A and face B. 




Draw the sel o{ all points coiiiinon to the lop and side. Praw the set of all points common to the 
bottom and faces of a pyramid. 

a. Draw a set of points common to a line and a triangle. 
Is there a single answer to this'^ 

b- Draw a set of points common to a line and a circle. 
Is theie a single answer to thi.s? 

c. Draw a set of points common to a plane and a sphere. 

d. Draw a sot o\ points common to a plane and a cyliiulei. 



Ml 



Othc^ relations on ,j)()iril sets can he explored using questions siicli as the.following/ 
Can a proper subset of a circle be a circle? (Answer no) 
' K'an a prop<tr subset of a circular disc be a circular disc? 



(Answer ^es) ^ 

('an a pf(')per subset yf an anglp be an angle? (Answer no) 

CjjM^the'union of ^wo rectangles be a rectangle? 
Ajiswer ofily if* the rectangles are fhe same.) 



loJIowing. 



V rJassiflcation of (juadrilatcrals (<^iniple closed curves in , the plane which are the union of four line 
segrnc*<ts) shoujd be introduced by having pupils examine a collection- of pictVres and observe the 

J ■ ■ . ^ 

A quadrilateraUniay^iave a pair of parallel, sides. 
( Tliesc ilre cali<^] trapezoid.) • • ' 

A trapezoid may hflve two pairs of parallel sides. ^ ' . . 

(These jirc called p^uallelograms.) / 

A parailclogram may have a pair of perporrdicular sides. ^ 
('fliese are called rectangles.) / - 

. A rectangle may fjave a pair of adjacent sides which Sre congruent. 
(Theso are square^.) , " - 

Some c]uestiJ)ns which ciin be raised in-a natural way are as follows. 
^Are all parallelograms similar? 
Are a[ll rectangJe^ similar? 

Are ill square^ similar? • ^ • ■ , 

After a class has studied classification of triangles, the following questions can be raised. 

Are all isoscele3 triangles similar? * 
Are! all equilateral triangles similar? . . 

Cari a right triangle be equilateral? 
' Ca|i a right tritingle be isosceles? . ' , ' ^ 

The relabon is congruent to derives from the recognition that two point sets may be the same size 
and shape. In the activities for equivalence of point sQts, the students should have observed that sets 
whicl: are ct^uivalerit under rotations, translations and reflections have the same size and shap^. The 
iVAmc congruence is used here^since equality for sets has its own meaning - tvvo sets are equal only 
it they are the same set. Use the term congruent with reference to pairs of segments" pairs of angles, 
pairs of simple closed curves (circles, triangles, etc*.), and discs. When the relation and the use of the 
word are bj^th understood, the following problems may be posed. 

a. Are tfliere ^y congruent angles in the following figures? Identify all the pairs you can in each 
figure. ' \ /' 




Fig. (a) fMg. (b) 



■r 



Fig.(e) 



b. Can you change exactly one of the lin^s in figure (e) so that there will be more pairs of 
/congruent jingles? Explain. ^ 

c. Which pairs of segments in the followihg figures appear to be congruent? 




A 



Fig. (a) 



Fig. (b) 



Fig. (d) 



' Note: Th^re are 4 pairs of congruent segments in figure (a) 

4 pairs in figure (b) . 
9 pairs in figure (c) 
I2pairs in figure (d) 

d. Which pairs of triangles in the figures for part c. appear to be congruent? 

More mature students, should be able to make some generalizations after answering the %fcove 
questions about figures (a) through (d). / * 

Classically, the geometric constructions are done with compasses and unmarked straightedge, the 
compasses (not the ruler) being used to measure length. 

a. Some beginning exercises to empliasize that the ruler is for drawing straight lines and noit for 
measuring are the following. 



(I) Using your compasses, lay off on N a segment which 
is three times as long as AB. 



/ 



B 



(2) - Using your compasses, lay off on M a segment Whose 
length is C(CD) + 2 C (EF). 



m 



9 



Variations of the .above are easy to invent. The use oY a dittoed sheet is advantageous since the 
emphasis can then be on the use of the compasses for measuring. Also, these should be given as.rcal. 
V problems for the pupU - i.e., with a^ minimum of advance instructions. Having the fast^ pupils 
'^demonstrate their solutions^ielps communicate the expectation that these problems are solvable by 
. the pupils. ^ 

b. When the pupils understand the appropriate use of the compasses and that construct mean?to 
use straightedge and compasses, the following problems can be proposed. 

- (1) Beginnlhg on t, construct a triangle whose sides are 
all the same length as PQ. • 



I 1 

P Q > 

(2) Beginning with one side jon V, construct a triangle which 
' has one side the same length as HG and each of the other 
sides the same length as JK. ' 

I ^ ' ' V 

I • 

, J K 

f 

Attempting jhe construction of the general triangle should lead the pupils to discover that this is 
•sometimes inipossible. The necessary experience may be teacher or pupil-motivated. However, when 
the impossible case arises, the pupils should be encouraged to explain why it is impossible, or 
alternatively, what conditions are necessary for the construction of the general tri-ajigle to be 
possible. 

c. Using compasses and ruler, an angle can be constructed which is the reflection, translation or 
rotation of a given angle (called copying an angle). Once the pupil can copy a segment and copy an 
angle, he can construct triangles given the following information. 

Three sides (with the restrictions previously discussed) 
Two sides and the angle between them 

1 wo angles and the side between them \ 

Have pupils compare the constructions made by all of the members of the class. WTiat conclusions 
can be drawn from these comparison*? ' T 

Detailed instructions for carrying Cu^:i the so-called basic constructions (copying an angle, bisecting^ 
an angle, bisecting a segment, con striijp ting perpendicular lines) are to be found in any high school 
geometry book. ' J 

d. According to the ability of the clas^ the following constructions may be done with the emphasis 
on the conclusions and not the accura(;^ of the constructions. 

(1) Bisect L ABC and then biseclZCBD. Wliat do you notice 
> about the bisectors? ^ 




A B D > 
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(2) Bisect L BAC and L ACD. What do you notice about the ^ 
bisectors? 




(3) Using the same figure given above, bisect L EAC and 
L ACD. What do you notice about the hisect(frs? 

(4) In the figure below 

Bisect AB; call the center point M; 

Bisect BC; call the center point N; <• 

Bisect CD; call the center point O; 

Bisect AD; call the center point P; 

Draw MN, NO, OT, and What shape do you ^et? 





\ 



Repeat the set of constructions using a parallelogram 
instead of the kite. 



(5) Construct a A to be called A ABC with Z.a a copy of 

AB a copy of YZ, and height (to.AB) the same length 
as WV. This construction will challenge the'be;st 
pupils in your class. . ' ^ 



\ 
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(6) Given a circle, construct a'square whose vertices are 
points of the circle, 

(7) Given a circle, construct a regular octagon (a figure 

of eight equal sides) whose Vertices are points of the circle 

(8) Given a circle, construct a ii^^ular hexagon (a figure of six 
equal sides) whose vertices are points of the circle. 

(9) Given a circle, construct an equilateral triangle whose 
vertices are points of the circle. 
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^10) Let AB be the diameter of a circle, and let C be any y' 
other point of the circle. Draw CA and "CB. What kind ^ 
of an angle does L ACB appear to be? 

6, After a class has constructed triangles using ruler and compasses (see Activity 15), have them try to 
identify sonre conditions (other than being the image under a rotation, etc.) which will mak^e two 
triangles congruent. / 



^ Instead of using a protractor which has been purchased, pupils can make their own in order to lear^ 
how onepperates. To make a protractor, have each pupil mak€f%veral circles on a sheet of paper all > 
' o^'whic^have the same poh^as center as shown in fi^, 1 below. ^ 






Fig. L 



Fig. 2 



Fig. 3 



Next, using compasses, partition one of the circles into six congruent parts (fig. 2), and draw a liHe 
joining each part bf subdivision to the center. From previous activities, it should be apparent that, 
for example, L COB is L DOC rotated, etc., so that six congruent angles are shown. Since these are 
congruent, numbers should be assigned so that eacfi of these angles can have the same number as its 
measure. By cutting'out the interior of one of the circles, there will be a rim left (shaded in fig. 3) 
on whichjhe numbers can be written. Write 0 Where the ray OA intersects the rim, and 180 where 
the ray OD intersecfs the rim. Why 180? Because in our culture that particular assignment has been 
made: it is arbitrary, as are all of our units, but it is important that'the pupils learn the conven- 
tional ones. With thqse numbers written on the protractor the point of rim CQitiesponding to OB 
should be 60, the one for OC assigned 120. 'Notice that this will make the me^J^s of eacn of the 
congruent angles, ^AOB,^BOC, and /^COD the same; that is 60. ^ V 

The numbering could, of course, have been started on the left instead of^on the right. 
By bisecting L AOB, L BOC, and ^ COD (see Activity' 15) points could be located on the rim to be 
labelled 30, 90 150. By cutting out part of the diagram the pupil has his own home-made 
measuring instrumlnt'fo^r angles. 

After both angle rtieasure -^nd ruler-andK:ompasses construction have been studied (Activities 15 
and 17), some new lelations can be identified and summarized. 

a. The measures of tne angles in a linear pair sum to 180. 
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b. '^he sume of the measures of the angles of a triangle is^80. This can be motivated by tearing up 



aLjri 



angular disc cut from paper. 



/ 



c. If a triangle has two congruent sides, the angles opposite these sides are congruent. Familiarity 
with isoseles triangles makes this an obvious observation. 

d. If a triangle has two congruent angles/ the sides opposite these angles are congruent. After 
discussion of'c, a question posed to the class should bring out this conclusion. 



e. Two linesl^njlie same plane will be parallel provided#\at, whenever they are intersecteci by any 
third line, a pair of corresponding-angles are congruentSThe illustration beloW shows three third 
lines with some corresponding ifrigles identified. (Activity' 14 should ma^e this ger^^ralization rea- 
sonable to the students). . 




a and b are a pair of corresponding angles 
c and d are a pair of corresponding angles 
e and f are a pair of corresponding angles 
g and h are also called corresponding angles • 

From tliese relationships, simple arguments could be given for observations already made in explora> 
tory exercises. 

Example ' t 

f. When twovjines intersect, either pair of opposite angles ar^congruent (figure (a) of a. in Activity 
14). The argument is^s follows. 

Whatever size L a is, the size of Z_ b must be 
such that the numbers sum to 180. (see a. above) 
Whatever size L c is, the size of Z_ b must be such 
that the numbers sum to 1 80. (again by a.) 
Thus L a and L'c must be the same size. 

g. If both angles in a linear pair arc bisected, the bisectors form a right angle. (See Activity 15 d.) 

Tlie measures of /_ MNP a)id Z_PNQ must sum 
to 180 (see a. above). 

The measure of Z_SNP is half that of ZLMNP. 
The measure of Z_PNT h half that of ^ PNQ. 
Thus the measures of Z_SNP and Z_PNT must^ 
> 4um to half of 180 or 90. 

h. Have the pupils bisect a pair of corresponding angles for a pair of parallel lines^and note the 
relation between the bisectors. Then have them give an argument similar to the ones above to show 
that the bisectors are parallel. . ^ 
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For the pu^pil capable of moving ahead, some suggested problemi are as follows. 

i. Let C and C' be any_two lines intersecting' at point P. On C, lay off PA = PB; on C lay off PM = 
PH. Draw Aff.M, BM, MA. What figu re results? Must this always happen? -Try to give an argument « 
to justify your answer. - ' • 



k. 





What relationship appears to be true 
about L a and Z. b if C and C are parallel 
lines? — ^ 



Give an argument to. justify your answer. 
What relationship appears to be true about 
Z. e and Z. f if C and i^re parallel lines? 
Giy,e an argument to justify your answer. 



19. Have the pupils decide where all points 1 " from set A would he in each of the following case^ ' 
Case 1: A is a point 
Case 2:. A'is a line 

Case 3: A is a circle - > , 

Have the pupils decide where to find all points equally distant from A and B when A and B are 
placed as showii below. 

f 




B 



A 



Case 



Case 2 



Case 3 



Case 4 



For some of these, it may be advantageous to first ask for a volunteer to finf^'ohe point with the 
required property, then ask if someone could find another, etc., gradually locating ^7// the^points as 
stated in the problem. According to the capability of the class, the above problems may^Vsolved 
In the plane and in space. 

Some questions for more mature pi/pils follow. 

a. Describe the set of all lines through P (point P is not in the same plane as C) which contain" 
point of c. 
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b. Describe the set of all lines parallel to Band containing point of c. 



> 









\ 







V 



Case 1 

c. Describe the set of all j^es (in space) perpendicular tfl^S at P. 



d. Describe the set of all lines (in spite) equally far from A and B; 



It is inip<ji:tant that pupils be introduced to the concept of area measurement of plane regions in a 
meaningful way. The area formulas, which^ describe computational shortcuts in special cases when 
there is regularity to the region (3 rows, each containing 4 units, for example, is a Vegular array, so 
that "3 X 4" computes the number of units in the array), are taken up in the strand entitled 
Measurement. In this strand the basic properties of measure, such as additivity,^and the selection of 
appropriate units are developed, . ' - * 

Using non-standard units of measure to approximate areas of irregularly shaped discs is a good way 
of introducing these concepts. .This gives an opportunity for the pupUs to learn that the units of 
measurement in use today arc entirely arbitrary and aye a result. of man's search for a reasonable 
way of measuring. 

The following is an activity using a non-standard unit of measure and an irregular shaped area. 

Begin by giving each pupil or group of pupils a piece of paper on which the outline of an , 
irregularly shaped region has been made. They are to seek means of determining how murh of 
the paper is enclosed by the closed curve (see example). The teacher should have a number of 
possible units of measure ready to suggest, including a circular disc, triangular disc and a 
^ square disc, if the pupils do not suggest these. Discuss which would b^e best, reminding the 
pupils that the unit must not leave gaps or overlap, and be able to cover the entire region. 
They will probably decide that the square is the best. (The tiling activity In the primary grade 
geometry strand provides background here.) After they have^i^^TCTHed the unit, give each pupil 
a sheet of transparent material on which a grid has been drawn. Since an exact measure of the 
shape cannot be made, there are several acceptable procedures. For example, count lall squares 
' that are entirely or partly inside the boundary, all those that are completely inside the 
boundary; or all those that are completely inside and those that are more than half inside the 
boundary. This will help the pupils in understanding that measurement is approxiinate, not 
exact. To incjrease precisif)n, smaller units may be*used. As in linear measurement, the unft of 
measure may be subdivided into' smaller units, and these can be converted to the larger unit 
and added to the amount. \ 
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u$ing grid overlay 



grid suhcljvided. 



Other irregularly shaped regions should be given the pupils for additional practice. After 
several of these irregularly shapexl regions are used, some regularly shaped ones, as rectangular 
regionis, might be in order, but th^ideas of measurement should be emphasized. 

As Ji folJoW'Up, if the pupils have made models of solids (Activity 1 1), these can be taken apart and 
this tneasure approximated with the grid. This makes the concept of surface area more meaningful. 
Cardboard boxes cut so as to make one flat surface could also be used, (Introductory question 
might be, *'Which of these two boxes do you think has more cardboard in it? How glould we tind 
out?'*) 



Pythagorean Theorem: There are many ways to motivate pupil's study of the Pythagorean 
Theorem, but one of the simplest is to be found on many classroom floors. If.a floor tile forming 
the pattern IgJ can be used, nine of the squares marked as follows would help to illustrate the 
relationship. 



Vi\t shaded regions can be seen to be three square discs, one having^^^a side the same length as the 
hypotenuse of the right triangle, and the other two haVinfj sides the\a^rie length of the legs of the 
right triangle. The large square disc is made up of eight tiles; each of the s\naller ones is made up of 
four tiles, Thus the Pythagorean relationship is shown for the case in which the right triangle is 
isosceles. Other methods may be used for the general right triangle. Help on this may be found in 
books listed in th# annotated references. 

In application, each of the following problems makes use of more than one geometric relationship. 
More mature pupils may enjoy tackling them, 

a. Find the height of t|ie paraJlefe^ram. 

C 




b, ' 0 is the center of the circle and CD 
inches, calculate the length of CD, 

c. If a side of the cube is 5 inches, how far is^'it from A to B 




ivitD is l inch from 0 and the circle has a radius of 6 
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d. Complew 8 (AM) X 8 (HB) - ? 




AX • - , 

Hint- what *p|^ars to be true abautj!^ ACM and AMBD? 

r. A spider is at Y and wishes to catch a fly at X; how should -he travel to minimize the trip? 



30' 



12' 



12' 



1 



X is midway on a Wall and I inch from the ceiling; Y is midway on the opposite wall and I inch 
from the floor. Pupils may be surprisetHhat the figure below shows the shortest path. 



f . Find the shortest path from A to m to B in each of these cases. 



A* 



m 



Ca& I 



•B 



•B 
— ^ 



A» 



m 



Case 2 



obj. 
3c 



I 

22. Activity 8 incliljes a problem involving measurement; that is, calculating the height of an object Jby 
measuring its sHfjdow, Sometimes there is a need to determine the width rather than the height of 
an object when^'it would not be handy to use a ruler; for example, the length of a lake. The 
following sequei^pe derives a way to do this, 

a. Consider a tr|angle similar to the one shown. From Activity 8 we know thb triangle has sides 
with lengths whiph could be denoted by e and f and has the property that 7- = ^ 
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By a property of proportions the above propc)rtion is equivalent to tl\e proportion 7- = By 
considering other tnangles similar to PQR we sec tliat~is '^constant which naines the ratio {)f the 
pair of perpendicular stdes in each of these triangles. ' 

b. Next consider a right triangle, call it ABC, which is not similar to AFQR gf the^^xampie above. 
Such a triangle must have an angle different in size from L R. If the lengths of its perpendicular 
sides are denoted by x ^ndy~ will be a constant different from ^. All triangles similar to ABC will 
have a pair of (perpendicular) sides, the ratio of whose Icngtlis is a^. 



c. From the above discussion of the pairs of triangles considered, the pupils should see that all right 
triangles can be sorted into classes according to the size of an acute angle, hi one chisss for example, 
will be all right triangles with a 40 degree angle, in another all right triangles with a 42 degree angle, 
etc. These can be further characterized by the numerical value of the ratio of the perpendicular 
sides. These ratios have been computed and are available in tabular form called a table tafii^cnt 
ratios. Referring to the statciments in the previous exercises,--^- ^ - , 



ordering; the ratio^, is called the tangent of L R and the ratio ^yis the" tangent of 
d. Application - Using a surveying instrument measure L X; suppose it is 50 degrees. A table of 
tangents provides the information that in a right triangle with a 50 degree angle, the tangent ratio is 
1.192, thus g(YZ) ^ 1.1^)2. 

If YX is measured, then the length of YZ, the length of the lake, can be calculated. 



so it is agreed there is an 




Note: Pupils can make their own survey ing instrument and actually make the measurement as 
indicated. To m^e such an instrument, /nolwit a prc)tractor on a board with a pointer as shown. 




The board can then be nailed to tljetop^^f a broomstick. A level on the board willhelp. To use the 
instrument, the pupil sights an object anAadjusts the pointer to that direction. Placing pins upright 
on the end of the pointer and the point "^bout which the pointer turns makes for easier sighting. 
The pupil sliould record the reading which the pointer has indicated, lie then moves the pointer in 
hne with an object on the other end of the lake and records this reading of the protractor. Tiie 
difference in readings gives the size of ^X. 



10: 



GEOMETRY 



OBJECTIVES 

The pupil should be able to do the following, 

1 , Select from a given set of geometric figures those which are alike 

(a) topolcgicaily (rubber sheet geometry) 

(b) under uniform stretches and uniform shrinkage 

(c) und<Jr rotations, reflections and translations 

2. Identify the relations between point sets 

(a) union, intersection, inclusion 

(b) inside and outside 

(c) parallel 

(d) perpendicular 

(e) similarity 
(0 congruence 

3, Apply measurements of point sets by 

(a) approximating measures of discs *• 

(b) measuring angles 

(c) using the ratios accompanying similar figures and the Pythagorean Tlieoreni to solve problems 

4. Solve simple problems which require the basic ruler and compasses constructions 




MEASUREMENT 



INTRODUCTION 



Measurement is the process of relating a number to a property of an object or a set. Measure is a number wliich tells how 
many specified units have been determined. ^ 

Counting, the measure of how mmiy,- yields the only exact measure. In this strand, counting is used to find the number of 
units of measure. Activities of this Pype should precede those in which the pupils find measurements from reading scales of 
measuring devices. In using a device, the unit of measure, wliich has the same property of the object to^ measured, is 
compared to the object. The resulting measure is never (he same as the true measure even with the most accurate instrument. 

The different k-inds of measurement presented in this strand are not necessarily to be studied in the order given or separate 
from other strands, but rather at the same time. The development of measurement will depend upon tlic pupils' development 
in using relations, numbers, operations and properties. ' ( o 

Many ot the difficulties in measuring that pupils have had in the past may have been due to the fact thai applications were 
introduced ♦too soon. The conmiittee recommends some different approaches than have geiu rally been used. Some of the 
pupils in the upper grades may need the activities recommended for the lower grades in which improvised units are used 
before standard units. However, the activities must be adjusted to the level of maturity of the pu[)ils. 

Tiyne Most of the pupils will have facility in telling time by the end of the j)rmiary grades. The activities should 
include measuring intervals of time and telling time in which a number o( units of measure are required. 
EXAMPLES (1) Give their ages in days, months and years. (2) Finding time intervals when given two readings in 
hours, minutes and seconds. (3) Telling time by various clocks, as 12-hour clock, the :4-hour clock or the nautical 
clock, and (4) Telling time in the various time zones, including the significance of the International Date l ine. 

The pupil's activities should also include finding information on the hislt)ry of units for me;isuring time ami the 
development of calendars. 

Weight Tlie weight of an object is the amount of force of gravity or the amount of pull of the eaith ow the 
object. Since tliis force is not visible, weight can be measured only by indirect me;ins and is therefore difficult for 
pupils to comprehend. 

The concept of weight is ofien confused with that of mass, which is the meas.uc of the amount of matter. 
However, children are familiar with the idea of weightlessness of an astronaut, and do teali/.e that hus mass dt)cs not 
decrease as he becomes weightless. 

Activities sJunild be provided in which pupils actually weigh materials by using a balance. These activities should 
include finding weights using both the English and metric systems with special attention given (o the computation 
involved. 

The study of the historical development of measuring weight should be included in the pupils' activities. This study , 
is not only interesting but it points out the importance of the standardization of units of measure. 

Ciipucitv and I'ohtitw These are combined as a topic since both are ways of measuring amount of space. Capacity 
is visually considered as the amount of space inside a container for dry materials or li(|uids and volume is considered 
as the ;imount of space taken up by a material or the amount of space inside a ct)ntainer measured in cubic units. 
In the lower grades measiiiement of capacity and volume should be introduced prior to that of area and length, 
since young children s earliest experiences are with three-dimensional objects. The pupils should continue io have 
experiences iii finding volumes and areas by counting blocks and stpiares in outer to disct>ver the formulas. They 
will soon rcah/e that their work will be facilitated by measunng appropriate lengths and multiplying the numbers. 
The sequence of length, aiea and volume will then be used as needed in the tormulas. As the pupils progress in the 
upper grades, they should be able to a()ply the formulas in approj^riate situatU)ns. 
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III 



Area Tlic activitie > given in this section are to lead children to use standard units of square measure with meaning 
tnd to discover soni^ol the formulas for measuring area indirectly. 

!,€ngfh The study of measuring length of line segments should develop similar to that of measuring volume and 
d{^a. J\^e historical development of measuring length is interesting to students and is helpful in pointing out the 
importance of the standardization of units of measure. 

Measurement is a process or doing. It should be studied in this manner at all grade levels and should develop through a 
number of stages, (1) making gross comparisons of objects or sets, (2) using units of measure devised by the pupils, (3) using 
units of measure called standard units. 

Some pupils at the upper level may need introductory activities in the first stage in order for them to realize that measure- 
ment is a comparison. 

Tlie second stage should develop frt)m the first stage. Units of measure will be needed to relate comparisons. The first ones 
should be improviseil or iKMiiemade ones. The pupils should make their own tables of measure so as to convert from one unit 
to another within tlic measuuJn^ent of one property. 

Tlio third stage should be introduced only after the pupils have had experiences in the earlier stages and have seen a need for 
standard measure.. Otherwise, their work will be manipulation of memorized symbols with no real comprehension of the 
process of nKasuring. 

The students should make tneasiirements themselves using various measuring devices. The devices which are first used should 
have lew markings. As the study progresses and operations with fractions are developed, additional markings can be added or 
iliffeient devices can be used Activities should be included in which the children must choose the appropriate unit of 
measure -as well as the appropriate instrument for measuring. Consideration must be given to both the property being 
measured and the size of unit applicable to what i<i being measured. Pupils at all levels should have opportunities to estimate 
and make approximations. 

The students should have experience in measuring and performing computations in both the English and metric systems. The 
emphasis should be placed on working within each system and not so mu^h on the conversion from one system to another. 
However, approximate relationships of the mo^t often used units in the two systems should be discussed. 

The measures of perimeters, circumferences, areas, volumes and capacities sliould be found by counting the units of measure. 
I his method should be continued with activities which are planned to lead the pupils to discover the formulas. Activities of a 
nu)re abstract nature can then be introduced using computation and conversion of units. Later, in the upper elementary 
grades precision, relative error, significant digits and scientific notation should be used in the activities. 

Ilie types of activities far measurement given in this strand are not all inclusive. Pupils at this level should study other 
measurements, also. Some of'these are as follows. 

• S{>eed, measured in miles per hour or feet per second 

• l.iglit brightness measured in footcandles or magnitudes of stars 

• Heat the intensity using p'ahrenheit and Celsius scales (formerly called centigrade scale), and the amount of heat using the 
units B.I .U. and calorie 

• S(>uiul the intensity and pitch 

• Pre.ssure ot both air and water » 

• I K\ tru ity pressure measured in volts, amount of energy measured in kilowatt-hours, and rate of flow measured in 
amperes 

• Hardness ot nuk or other substances measured by a scale of hardness of minerals 



lo.s 

ll.> 

o 

ERIC 




Objective* 
Keyed to 
Activitieti 



obj. 
6,7, 
8.9 



ACnVItlES 



Oipacity and Volume 

i 

a. Provide boxes and cubes which can completely fiU the bpxes. Sugar cubes and boxes about the 
size of those in which sugar cubes are bought would be convenient sizes of materials. Also, provide 
other shaped materials to put into the boxes such as marbles, small balls of rotton or crumpled 
paper, small triangular solids and small rectangular solids. Provide enough boxes and materials to fill 
them so that each group of three or four pupils will work with one set of materials. 

Have each group of pupils guess the number of marbles which one oMheir boxes will hold; have 
them fill their box with marbles and then count the number of marbles used. Ask the pupils to 
repeat the procedure usjwg the balls of cotton, the triangular solids, the rectangular solids and 
finally the cubes. Place the emphasis on finding how much space is inside the box; therefore, ask 
them to completely fill the box. 

Ask the pupils which are the best materials to use to find the amount of space in the box. Of 
course, the rectangular solids and cubes would be the best since they fit together and will fill more 
of the space than the other materials; they are also better than the balls of cotton since the cotton 
can be squeezed so that the number of balls of cotton needed to fill the box is not as easy to 
determine as the number of blocks. 

After fitting the rectangular solids or the cubes in the box, the pupils probably realized that to find 
the number of blocks they could count the number of blocks along the length, the number of 
blocks alrmg the width, the number of layers of blocks and then find the product of these three 
numbers. 

Ask the pupils if they can find how many blocks the box can hold without filling the box 
completely. They can place blocks along the length and the width, make a stack of blocks from the 
bottom to the top, count the blocks in each of these three sets and multiply the numbers to find 
the number of bfocks the box would hold. 

b. After experiences such as the ones described in part a., point out that the standard units of 
measuring volume are cubic centimeters, cubip inches, cubic feet, etc. Provide models of cubic 
centimeters and cubic inches, or have pupils to make some of these models. Ask the pupils to use 
the models and find the number of cubic centimeters and cubic inches in the boxes which were 
used in part a. of this activity. 

A«k if they can find the number of cubic centimeter* or cubic inches of volume of a box without 
placing any models in the box. They should probably realize that by measuring the length of the 
box with a metric ruler they can find the number of cubic centimeters which could be placed along 
the length of the box, aM that the same idea would hold true for finding the number of cubes 
along the width and the rtlimber of layers which would fit in the box. And using a ruler marked in 
inches they could find the number of cubic inch models which y^ould fit along the edges of the 
box. Therefore, by measuring with a ruler they could determine the three numbers to multiply to 
find the number of cubic units of volume of the box. 

It may seem that this activity would require quite a bit of class time, but it would be time well 
spent. Pupils sometimes have difficulty in sefectinlg the appropriate unit for measuring area or 
volume. An activity such as this one in which the measuring of volume is a physical activity would 
have more meaning for the pupils than activities in which volume is studied abstractly by using 
formulas involving measures of lengths. , 
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c. Ask the pupils to find the number of cubic inches which a box would cqntain that is 1 foot long, 
1 foot wide and 1 foot high. They may use boxes and modeb of cubes, drawings, rulers, or 
whatever materials they would think^eccssary. Also, ask them to find th^ number of cubic feet in 
1 cubic yard and the number of cubic centimeters in a cubic meter. 

obj. 2. Provide each group of three or four pupils with a sir^all box which can be filled with sand and can 

6 be used as a unit of cubic measure. Also provide a box such as a chalkbux, a cylinderical container 
, • such as a coffee can and enough s?md to fill these containers. i 

Ask the pupils ho^^. to find how many cubic units the cylindrical can willtfold. Lead the pupils to 
^ realize that Ihey can find the cubic measup^by filling a container of one cubic measure with sand 

^ and pouring it into the can and repeating this procedure until the container is completely filled. 

. Have the pupils use the ^mall box of one cubic unit and the sand provided, pour sand into the 
chalkbox until it is filled and tally the number of the cubic units used. Havy them use the same 
cubic unit of measure to find the cubic units in the chalkbox by using the procedure of activity 1. 
They should find the same riumber of units. Then, ask them to use the cubic measuring device and 
sand and find the capacity of the cylindrical container. 

obj. 3. a. Provide pupils with containers of various sizes and shapes which measure a cup, a pint, a quart or 

7 a gallon. Ask the pupils to use these measuring devices to find the number of units any given 
container holds. Their findirigs and the class discussion will enable them to see that their measure- 
ments have the same value even though they used different units. Have the children experiment and 
make tables of capacity. Be sure to include both a table of liquid measure and a table of dry. 
measure. Some groups could work with liquids while others work with dry materials. 

b. For activities in making changes or conversions in measurements, use recipes. This activity 
should lead to a discussion of the need for both Kquid and .dry measure. 



obj. 4. Repeat activities similar to the preceding ones, using the metric system. 
6.7 

obj. 5. Have the pupils find the volume of containers with shapes of prisms and pyramids by comparing 

10 their capacity of sand, or wat^r with that of rectangular solids having dimensions comparable to 
those of the prisms or pyramids. 

obj. 6. \a. A comparison should be mad^for the pupils to see that one cubic centimeter is the same volume 

7,10 as one milliliter. This can be shown by displacement of water. Pour water into a graduated cylinder 



until the level of the water (the center of the curve or meniscus at the top of the water) is evc.i with 
a iMlliliter mark. Drop an object of one cubic centimeter into the water and ask how much the 
water has risen in the cylinder. 

b. Have the students find the volumes of cylinders and cones, following their study of area and 
circumference of a circle. Ask the pupils to find the number of cubic centimeters needed to fill 
space in a cylinder up to one centimeter and then one more cenrimeter and so on as done in 6a. 
Then some student will probably relate each of these values to the area of the circle and see that 
the product of this number and the number of layers, or height, will give the value of the volume of 
a cylinder. \ 

c. Have the students to\use sand or Water to compare the capacity of a cone and a cylinder which 
have the same height and same base circumference. This activity will lead to the discovery of the 
formula for the volume of a cone. 

. ^obj. 8. After pupils have discovered the formulas, they should have experiences in estimating volumes. 

8 
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Area 



ob). 

i: 



obj, 
13 



K). 



Have the pupils use squared paper or acetate shaets and using the squares as units lind the a^eas of 
ditterent sizes of rectangles, pa^ilelograhis, trapezoids, triangles, pentagons and other polygons as 
well as circles and irregular 2-^niensional shapes. The first Hgures used should have dimensions 
such that the areas of the figur^ will be easily determined. Ask ^heni to find a quicker way than 
counting to fipd the areas of ihe rectangles'^and parallelograms. This activity should lead them to 
the formula A = bh. Some practice in finding areas by this formula sh uld follow, Ste the strand 
entitled Geometry for backgro^und information and similar activities. 

Ask the pupils to^use this squared paper to find the areas of regions of rectangles and parallelograms , 
which have the same length and height. Then ask them what they believe would be a quick way'to 
fine] areas of other parallelograms. This leads them to the formula fof all parallelograms, A-bh. 



length 




length 



Ask them to pnd the areas of a rectangle, parallelogram and triangle which have ^he same length or 
base and height. This should lead them to the formula for the area of a triangle. A='/ibli. 





ob] 
13 



obj. 
13 • 



ob). 
14 

obj. 
4 



Then have them use the squared paper to find the areas of a number of triangles which have the 
same base and height. 

I 

For the more advanced pupils, ask them to use the squared paper to find the area of trapezoids and 
^1o see if they can discover a way of finding the area without counting the square units of the 
squared paper. 



14. 



11. 



12. a. Have the pupils use the squared paper to find totai surface areas of rectangular solids, cylinders^ 
cones, pyramids and other 3-dimensional solids. If tliey have) studied perimeter and circumference 
ask the pupils to find slvorter methods to determine surface ^eas. 

b. Use activities similaF to those in 4a to derive total area c{f cones and pyramids. 

13. Have pupils compare area measurements using different units of measure and to set up tables of 
measure from these activities. 



Have pupils compare area measurements of 2'dimensional figures. An example would be to com- 
pare the areas of a number of rectangles which haVcythe same length, but in which one has twice the 
width of the first, one has three times the width of the first, one has four times the width of the 
tirst.^Mc. These ccunparisons should be studied from the viewpoint of the strand entitled Relations 
and Functions. 
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Length * '^^ 

obj. . 15. the pupils gain assurance in measuring lengths using standard units, ask-them to estimate lengths 

15,16, of various objects, rec^d these estimations, and check the accuracy of the estimates.of measuring, 

17 These measurements ^hoRld include short distances such' as the length of their desks and tenger^ 

distances as the length of the classroom, hall or school yard, These experiences should include both 

English and mefric units. ' 



obj, 16. Provide drawings' of polygons and circles of various ^izes. and asi^ the pupils to measure the peri- 

15,18 meters of the polygons and circumferences of circles. Haye tiie pupils use both the metric and' 

English Systems of measure. Lead the pupils to discover the formulas for finding the perimeter of 

squares, rectangles and other polygons. 

obj. 17. (lave groups oj^^upils read and report on the history ot various units of length in both the English 

17 and n'letric systems. Encourage them to present their fmdings witli denionstraiior^, example^)!' 

different measurementS"or similar visual means. 

obj. '^N^ 18. Have pupils study referenced on the' t^ics precision, accuracy (relative error and absolute error), 

19 significant digits and scientific notation. Ask the pupils to report their Hndings with Jiscussions or 

demonstrations such as stating the length of a desk in the room in inches and the distance l>om the^ 
earth to the moon in nules*and explaining which measurement would be more precise, which would 
be more accurate, and why ; demonstrating the effect of conlputations with measurements^in which 
the use of significant digits is ignored conipar^ with computations using the same measurements in 
r.> which the rules of significant digits are used; using scientific nottition to express distances in space 

measured in miles; and using scientific no.tation in cojnputations as finding relative error. 

obj. 19. Have pupils study and report on units of length whLh are related to light, such as angst^rom, light 

19 year an^d parsec. 
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MEASUREMENT 



OBJECTIVES . ^ 

•» 

The. pupils should be able -to do the following* 

1. DeterrrAne a time interval between two events " ' t ■. " _ 

2. Determine final time reading given the initial reading and the time interval 

3. Measure the weights of various objects using metric units and English units 

4. Make reasonable estimates of weights of objects'using metric units and English units^ 

5. Construct a table of values of measuring weight using both improvised and standard^units 

6. Determine capacity or volume by counting improvised units, then standard units 

7. Construct a table of values for measuring capacity using improvised units and using standard units 

8. Make reasonable estimates of volume of rectangular solids and other three-dimensional shapes 

9. Use experimentation to derive the formula for the volume of a rectangular solid 

10. Derive formulas for the volume of solids other than rectangular ones by experimentation and by application of the 
formula discovered by the preceding objective. 

1 1 . Make reasonable estimates of the area of various regions 

12. Derive the formula for the area of a rectangular region by expeiimentation ' 

13. Apply the formula discovered by the preceding objective to derive formulas for the area of other regions 

14. Construct a table of values of measuring area using improvised units and using standard units 

15. Measure lengths u-sing metric and tjsing-£r(glish units 

16. Make reasonable estimates of length ' ^ 

17. Construct a table of values of measuring length using improvised units and using standard units 

18. Derive formulas for finding perimeters for simple closed curves (polygons and circles) 

19. Apply measurement to other fields such a^cience and social science 
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PROBABILITY AND STATISTICS 



INTRODUCTION 

Basic to statistics are the techniques of collecting, organizing, suniniarizing and analyzing data. Once the data are suniimrized 
' and analyzed, the predictions that are made become the study of [Probability. Therelore. statistics and probability are studied 
together. 

d 

Because statistics is !ised in areas of science and social science such as insurance, marketing, astronomy and geneUcs. it is 
necessaiy to acquaint pupils early with the use of statistics. In addition, one of the easiest ways to develop problem solving 
techniques is through the collecting of statistical data that are real fo the pupil. Probability and statistics are good vehicles by 
which the teacher causes the pupil to make choices, inferences and valid judgments. 

The pupil at the upper level, as well as the primary level, should have many experiences collecting, recording and exhibiting 
data as these topics form the basis for the study of statistics. The pupil should then begin to have some experiences in 
interpreting data through the study c^distributions, range, central tendency and deviation. The activities that are given in this 
strand are not meant to be exhaustive. Other activities may be based on such data as the top 20 records for the week, a survey 
o* TV programs watched by most pupils, a survey of theater attendance and the number of pupils participating on variQUS 
school activities. 

Making predictions from the data collected necessitates the study of probability. Before formalizing the mathematical 
definition of probability, the pupil should engage in many game-like experiments in which he studies the chances of relat 
outcomes. In identifying outcomes and assigning probabilities, pupils learn the concept of sample space and some coUfTtTng 
shortcuts. These counting techniques are particularly helpful with experiments involving a great number of events. 
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PROBABILITY AND STATISTICS 



Objectives 
K^yed to 
Activities 

ohj . 

1,4,5, 

6,7 



ACTIVITIES 



1/ 



Propose a problem to the pupil in which the desired result is the data consisting of the favorite 
sport of all the pupils in the room. Ask the pupils to indicate the various ways that this information 
may be gathered. As an example, list the names of spirts on the board and ask each pupil to raise 
his hand as his favorite sport is called, or ask each pu^pfil to write his choice on a piece of paper and 
then write each chqjce on the board. This second method should be instigated by the teacher if the 
pupils do not suggest it so that the value of tallying may be discussed. 

Discuss the fact that sex distributipn of the class will affect the results. For example, girls do not 
usually play football. Also, lead pupils to see that their ages will affect their choices. 

Have the pupils make a frequency distribution table similar to the one shown tci record this data. 
To assure that the pupils understand the table, ask questions such as, ''How many pupils liked 
baseball best'.^ How many likedTootball best?'* 





— \ — 

l^ivorjite Sport in 


Our CTass \ 


Sport 




Frequency 


Football. 


M 


7 


Basketball 


MM 


4 


Baseball 


1 


6 


Kickball 


III 


3 


Volleyball 


1 1 




Swimming 


i++t 1 II 


8 
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Introduce the vertical ^r graph (called histogram in statistics) as a means of representing data. Help 
the pupils to see that a graph tells the story more vividly than other methods of picturing the 
information. Have the pupil observe that the frequency is on the vertical scale and the cate^jries 
are on the horizontal scale. Call attention to the fact that the bars^hould be the same width and 
shaded in the same manner to prevent distortion of the facts. \ 



F 
R 
E 
Q 
U 
N 
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Y 




Present a set of scores from a spelling test. (Lhing scores from another class will prevent embarass- 
tng the pupils who made the lowest scores.) .An example of a set of scores is given Ii4i/e for^^ 
ilhistration. ' U • 



65,HKS5,7(),6:, 18. 100. 33. 100,40, 100,50,95, 
60,85.^)5,70,80,70,76,70,75,72,74,73.' ' • 
Discuss with the pupils the fact that sometimes it is more feasible to use intervals in the frequency 
table. The scores given in the example would require a frequency table that was too long. Suggett'V 
the intervals to be used on the fust graphs but lead them to make this judgment in later graphs. 



Kreqiieiioy Distribution Tahir 
(lisint;; intrrval.^) 



Interval 


Tally 


Freijuency 


o-:o 


1 ' . 




: 1 -40 


1 1 




2 1 -60 


II 




61-80 


mtmi 1 1 


1 ^ 


81 -J of) 


Ml 


s 



Discuss with the pupils tiiat this information may also be pictured on histogram or IrequeiKV 
[)olvgon. 




Co conver! this histogram !o a frecjueiicy polygc^n plot the imdpoiiiis of ihc mteivals and connect 
(he nudpouits with 0 and 1 00 as shown above. The lesult is called a frecpiencN' polygon. 
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Still aj^oiher way to organize scores in terms of frequencies is to consider cumulative frequencies. 
Have the pupil. look al^tlie original frequency chart and have hini observe and record how many 
[)upils ni^ade less than 8 1 , less t|iatiff)| , less tiian .41 . less than 21. 

I xplami that this is the cunuilative frequency distribution. 



^ti^ (Inrnnlalivo Krequoncy Distribution Table 

inler/al Tally ^ Frequency Cumulative Frequency 

I 1 _ Ussthan 21 1 

21-40 II Less than 41 3 

I I : l ess than 61 5 

•■'-7^0 iWWMW ' 1.' I ess than 81 17 
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Ujvc a f)Upil ask live people at lecess il they have ever had piano lessons and bring the results back, 
to class. Uiscuss vvhethei this vvonUl he an adequate sample, that is, whether this would be repre- 
sentative of the whole school. -Ask the question, ''It we ask each one m our class, would we have a 
sample thai is representative of the entire school'.''' Helj) them to see that it probably would not be 
a repticsetuative samj^le since most children m the first, second and third grade do not take piano, 
riiey may observe that it would be representative of the upper grades. 

Stress \\\:\\ if the pupil who gathered the information had reported that three otfier pupils had liad 
giutar lessons, this intomiation would he irrelevant information. 

4. Acquaint the pupils with the tact that a pictograpli is another method of picturing statistics. 

Ask the [>upi] to [)repare a pictograph usin^ the tollowing information. In the sixtli grade there are 
60 [>upih, \\\ the seventh grade there are 80 pupils and in the eighth there are 100. 

PICTOGRAPH 




Poini iwH to ilu' pujnls thvit an apj^iojniate scale should be chosen. Ihis scale would be such that it 
will iu)t necessitate diawiiig tt>o manv' Iiguies Init that would j>eimit them to draw enough to he 
easilv ii'ad . • 

^. dctivily lot giaphing lelationshij^ involves using a boaid with a sm.dl cu|> sus[ieiided . by a 

spiuu: oi.a uibbei [kiiuI i he pupil may pLtco |>enmes oi othei ob)ects ui the cup ami measuie how 
\m ihe Clip moves dov.n with a given number ot pemues Attei ditleieiil mimbers of pcnnie^s aie 
iisc^L lie shoiiKI then W able to pieilict how tai the cup will dfop with any given numbei ot 
pet III ICS. 




An iKl'wily which appeals w [njpiliJ- involves rolling a toy car down a ramp made of heavy card- 
hoard. Tiic ramp can he ajjusted to various heights by using one book, 2 books^pnd any reasonable 
numhcr of hooks which have the same tiiickness.Theii graph the relationsliip belween the height of 
the ramp (number of books) and the distance the-car travels imtil U' stops. 

A graph o} the heights a hall bounces when dropped from various heights is a fairly sii7iple activuy 
for pupils. They could graph the rcknionship belween the height of the dr-^p and the height of the 
houncc. 

IntrcMhice the circle graph as an excellent one to use ui illustrating with a picture in statistics of 
how c;ich iieiii compares with the total number, Preparing a circle graph invokes many skills; 
therefore, it should not be used hetore a pupil has these skills. Me could jiy^sibly inte^p>«4^ie or be 
introduced to one before he has the skills to prepare one. If he has all of the skills except those 
lequired loi tinding the number of degrees of eacli angle, he could partition the circle by folding if 
an approfiiKite example is ehc^sen. \ 

Stress (lial the f irst step in making any. circle graph would be to find the total of the scores. If it Is 
to shc)w a picture ct)mparing each part with the total, the total must be found before anyth/g 
turthci couhl lie done.' • / / 

I'smg the alnwe example the total number of pupils would he 240. Notice the total was not 
necessary in fMejiaring the piclogrLjph. 



I ho next step would be to find what part of the total each class represents. Tins part may be 
represeiited as a traction or as a per cent. 





Number 


PATt of 






(irade 


of Pupils 


the who 


e 




(^tl) 


00 




1 








240 


.4 


1 2 


'(h 


MO 


SO 


1 


4 






240 




12 


Stfl 


UK) 


100 


S 


5 






240 


12 


1 2 



Ask [he luipil io detctinme llie total ot the parts. State tins ttUal as ^ . Point out to the pupil 
i|hat since ihe (otal ol the central angles is the numbei ot degiees that sliould represent the ^ )tak 
t/ach class uould he lound hy mutliplying each part by 300. 



(.lade 


Nu mber 
of Pupils 


Part of 
ihe wfiole 


Degrees 
to l)e used 


oih 


00 


(U) 
240 


1 X .U)0 = 90 


7ih 


SO 


SO 
240 


! X ^(^o - 120 


Sdi 


100 


100 
240 


, , A .^b( 

1-2 , 300 


i! i^hseiM" [h.ii 1 


ic miiiibci o 


di\i;ices Ml all ii( the 


k aiegoi ICS k oinhinetl is 3(^0. 
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Once the number of degrees is determined for each item, it will be necessary for the pupil to know 
how to use a protractor in order to place the item on the circle. 



The 7lh and 8th grade pupil should be introduced to the rectangular bar graph or divided bar graph. 
He will see that it is very qtosely related to the circle graph. If a bar 10 units long is used to 
represent the total, he would multiply each part by 10 rather than 360. 
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obj. 
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obj. 
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9. Have the pupils consider the set of scores they gathered in the previous example. Ask therH to 
indicate what was the range of the sets of scores. Discuss with the pupils the difference that would 
have occurred in the range if the entire school population had been measured. The range would 
undoubtedly be much greater even though the measures of central tendency might have been about 
the same. Stress that sometimes the range may be of more interest in a set of scores than are the 
measures of central tendency. 

10. As the pupils organize data in distributions, they will become aware that observed values tend to 
cluster. Such observation is essential for full understanding of the three recognized measures of 
central tendency— mean, median and mode. 

Have the pupils measure the height of each person in the room and record the heights correct to the 
nearest inch. Then ask them to do the following. 

Compute the mean of the distribution. 

Find the mode of the distribution. There may be mbre than one mode. 
Find the median of the distribution. 

Discuss with the pupils that the three measures may be nearly the same or they may be quite 
different. Ask them which one seems to be the most representative of this set of scores. Point out 
that an extreme score or several extreme scores will affect the me|n greatly. They will probably 
observe that the mean is usually the most representative except when these extreme scores exist. 

1 1 . For pupils to practice finding the mean, median and mode, have them work in small groups and use 
a set of 50 cards which are numbered 1-50. One pupil should deal 5 cards to each pupil. Each 
person records a mean, median and mode of his card values. The dealer then deals each person 5 
cards, and each player records his scores. After 10 hands each pupil totals each of his three scores 
and compares his three totals with those of the other players. 

12. Have one of the pupils obtain the facts concerning the mean income of the-state or local area. Such 
information is probably available through the Georgia Chamber of Commerce or the Georgia 

' Department of Industry and Trade. Discuss how the mean was computed and how extreme scores 
would change this measure. 



obj. 
10 



13. Have the pupils refer to the activity in which they computed tiie mean of tiieir heiglits. Ask each 
pupil how much his lieiglit deviated from the mean. 
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List the set of heights in order and beside each indicate the magnitude of the deviation from the 
mean. If a-height is below the mean, place a negative sign in front of the deviation and if a height is 
above the mean place a positive sign in front of the deviation. This activity is not only an applica- 
tion of the integers, but it also provides readiness for finding the stahdard deviation. 

14. To introduce pupils to the idea of likelihood, have them give examples of events that they are 
certain will happen. 

Example 

The sun will set in the west. A coin will fall heads or tails if one rules out the possibility of its 
landing on its edge. % 

Have them give examples of events about which there is Uncertainty of occurrence. 
Example 

It will rain tomorrow. « 

Have them give examples of events that are equally likely to occur, 
^xample 

Getting a 3 or a 5 in tossing a die are equally likely events. 

5. Encourage the pupils to discuss the likelihood of two different events for which the chances of 
occurrence are not equally likely. 

Example 

It is more likely that an adult v^II eat bacon than peanuts for breakfast. 

Point out to the pupil that in comparing the likelihood of these two events alternative events are 
excluded from consideration. 

Example 

Even though an adult may eat something other than bacon or peanuts for breakfast that event 
i^ excluded in this comparison. 

6. Draw the following illustration of spinners on the chalkboard 




and have the pupils discuss the difference in the likelihood of getting red on first spinner and 
getting red on the second spinner. (Getting red on the first spinner is more likely than getting red 
on second spinner.) 

One of the best ways to help a pupil have a feeling for equally likely events is to have him 
experiment with events that are fwt equally likely. There are many activities dealing with events 
that are not equally likely. RoHing a red cube and then a white cube, each with numerals I through 
6 written on the sides, and recording the various sums not only gives a child a chance to practice his 
addition combinations, but also gives the pupil^a chance to observe that getting a sum of 11 is not 
as likely as getting a sum of 7. He may be asked to list all the pairs of numbers and the sums he 
obtains in 25 times of rolling the cubes. He may then be asked to examine these pairs to see how 
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HKiny ways he can obtain a 7. Tlie possibilities wliei-e the first number is the red die and the second 
number is the white die are 1,6; 2,5; 3,4; 4,3; 5,2; 6,1. He may not have thrown each of these, but 
he should fiave obtained enough of these to aid him in listing the possibihties. When he realizes that 
he only has 2 ways of getting an 11 (5,6 and 6,5) he will see that the chance of getting 1 1 is not as 
great as the chance of getting 7 and thus the two events are not equally likely. He may then be 
asked more questions about the likelihood of various sums. 

Other activities showing other variables that affect the likelihood of an ev^nt might include playing 
a game where the student tosses a thumbtack and records the number of times it lands with the 
point Up, down and on its side. He may toss a paper cup to see if it lands with the open end up, the 
bottom end up or on its side. He may construct a simple pencil spinner by drawing a pentagon or a 
hexagon with sides of equal length (about 3 inches) and using a hole punched in the middle. When a 
pencil is inserted in the middle and the pfencil is spun, the polygon will corpe to rest on one of the 
sides of the polygon. If the sides have been numbered he can record how many times it lands on 
each side. / 




If trt^nstructed correctly, this should produce events that seem to have the same chance of occuring, 
By making one side longer^ he can design an instrument where one event is more likely to happen 
than the others. 

Loaded cubes or similar objects are fascinating to students. A six sided cube made out of cardboard 
with the names, of. 6 different pupils may be used to play various games and this object may be 
loaded by taping something to one of the 3ides (on the inside) before the cube is put together. 



A pencil may be loaded by scraping the sides of a hexagonal pencil and coloring the sides alter- 
nating colors, if one edge is scraped a little wider, the pencil will land more times on this si^e. In 
loading any device to show events that do not have the same chance of occurring, it is important 
not to make it so extreme that it is too obvious. One activity involving the loaded pencil would be 
to include a regular pencil and let the pupils determine which one is loaded after they have 
experimented with 25 rolls of each pencil. 

A number of games for children are available commercially which require computation and game 
strategy. Some of these games may be used for students to find events that have an equal chance of 
occurring and some instances where an event has a better chance of occurring than others. 

18. Pupils have a high interest in random digits and the topic is a very good one for providing the pupil 
with tallying experiences and counting experiences. 

A spinner having 2 concentric circles with 2 digit numbers on each may be used as a source for 
random numbers. The pupil would be asked to spin the spinner 25 times and record the 4 digits he 
obtains each time: He should record the results of several spins or several pupils could record results 
of spins so as to compare results. 

A similar experiment would be to cut pages from a telephone book and give each pupil in the class 
ouc page \ [niu the book. Fach pupil would list the last 4 digits iinm any 25 numbers on the page. 
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These numbers could then be placed on the board or on strips of transparency for an overhead 
projector so that the various columns of 25 numbers each could be compared and the randomness 
of the numbers discussed. 

A set of 50 cards that are numbered 1-50 can be used. Different pupils would be asked to shuffle 
the cards and then record the numbers in the order in which the cards are stacked. Each pupil could 
be given a pack of index cards so numbered and be asked to record the numbers after shuffling the 
cards. They could be asked to compare their lists. These cards could no. only be used to discuss 
random digits but could be used for many other number games. 

19. Involve the pupils in an activity in which the librarian for the class will be chosc;^ by drawing a slip 
of paper out of a box. The name of each pupil in the class should be written on a piece of paper 
and placed in the box. 

Suppose there are 25 pupils in the class. Ask the pupils how many possibilities there would be for 
picking the librarian by this method. Tell the pupils that the selection of one particular pupil is 
called a possible outcome of the experiment. Since there are 25 different seIe(^ons, there are 25 
possible outcomes in this experiment. 

Discuss the possibility of any one pupil being chosen librarian, pointing out that this is one possible 
outcome out of 25 possible outcomes. Tell the pupils that this possibility could also be called the 
probability of his being chosen librarian. This probability is usually expressed as JL. . Have him 
observe that the denominator of the fraction is the total number of possible outcomes and the 
numerator is the number of specific outcomes, sometimes called favorable outcomes. 

Introduce the idea of certainty (probability of 1) by discussing the probability of selecting someone 

other than himself for librarian. He will observe that P (someone else is selected) = -|| and 

therefore P (he or someone else in the class is selected) = : -|| of I . Call attention to the notation 

P (some event) = ~- where — represent" a rational number, 
b b 

Pose the question, **What is the probability that a pupil in another class, whose name is not in the 
box, will be chosen librarian?" This should lead to the concept that P (pupil in another class is 
selected) = = 0. Stress that a probability measure of 0 means that the event cannot occur 

\ , . 

20. -All of the discussion concerned with choosing a librarian should develop the idea that the pro- 
bability of an impossible event is 0; a certain event has a probabilityj)f 1 ; and all other events have 
a probability between 0 and I. Prepare a box which contains three cul^s- one red, one yellow, one 
green. Have several pupils select two cubes from the box. Any three objects of identical size and 
shape could be used, making certain that the pupils cannQ(l see the one he is drawing. Be sure the 
pupil replaces the cube before making the second drawing If his first drawing is a red cube and his 
second drawing is a yellow one, have him record the resuh like this- (R,Y). Other results should be 
recorded in a similar way. Ask pupils if there is a possibility that someone could draw a pair 
different from the ones recorded. Ask the pupils to record other possible results. 

They are as follows. 

(R,R) (Y,Y) (G,G) 
(R.Y) .(Y,R) (G,Y) 
(R,G) (Y,G) (G,R) 

Stress to the pupil that this set of outcomes constitutes all possible outcomes or events called the 
sample space of the experiment. This method of recording the events in the sample space is called 
listing. Have the pupil observe that since the total number of possible outcomes is 9, then 

P (R,R)^ = number of favorable outcomes I^. Also, P (Y, R) _ _L . 

number of all possible outcomes 9 9 

Call attention to the fact that in this activity (R,Y) is not the same outcome as (Y,R). Point out to 
the pupil that sometimes it is necessary to consider (R,Y) as different from (Y,R) and other times it 
is feasible that they be considered as <he same outcome. For example, if Jane and Sue are picked 
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for a committee, the committee (Jane, Sue) and the committee (Sue, Jane) are considered the 
same. However, if Jane and Sue are to fill the places of president and vice president^ then the pair 
(Jane, Sue) is different from the pair (Sue, Jane.) 

The term combinations describes the first situation where order is not important. The term per* 
mutation applies to the second situation where order is necessary. These terms will be introduced 
only to the more mature pupil, although the difference should be understood by all pupils. 

Tell pupils that the tree diagram is a convenient way of determining the events in a sample space. 
The following is a tree diagram for this experiment. 



First 
Drawing 



Second 
Drawing' 



Sample 
Space 




R.R 



JLfi 



Y.G 



G.G 
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If the cubes ha(| been drawn three times the tree would be as follows. 
First Second Third 



Sample 
Space 



R.R.R 




Lead the pupil to see that although the listing and tree diagram methods are convenient for finding 
all possible outcomes, they become impractical for experiments that have a large sample space. 

TelL the pupil that there are sdtne special counting techniques that are shorter and more efficient 
ways of determining the san^ple space of an experiment in which all outcomes are equally likely 
events. 
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One niethod that may be used when the sample space consists of ordered pairs (permutations) is 
the multiplication method or multiplication principle. In the above problem there are three possi- . 
bilities for the first draw and three possibilities for the second draw; therefore, the total number of 
possibilities is nine. This becomes clear to the pupil if the following diagram is drawn. 



First . 
draw 



j^econd 
draw 



Another example to illustrate this principle wbuld be- Suppose a president^^vice president and 
secretary are to be chosen from Tom, Ed, Bill, Paul and John. The total number of possible 
outcomes in the sample space will be sixty. 



Pre 



Vice>Pres. 



Sec. 



X 



60 



For more advanced pupils, the use of a pefmutation formula may be introduced. Many of the 
modem junior high textbooks include a discussion of this topic. It is important to note that this 
formula may only be used where the number of choices decreases by one as the wiections are 
made. For example, <in the example of the three cubes, the outcomes (R,R) or (Y,Y) or (Ci,GJ afe 
permissible. If a color is chosen on the first draw, it qiay be chosen again. However, in the example 
involving officers, once a person is scjected for president, he is not eligible for the office of 
vice-president, etc.^ 

Introduce the pupil^ to Pascal's triangle as one method of finding the number of outcomes in a 
sample space when combinations are desired rather than permutations. 

Have a pupil write the events in the sample space for tossing one coin. Have-three other pupils write 
the events in the sample space for 2, 3 or 4 coins, respectively. Have them organize the sample 
space into combinations. (Note that HHT, HTH, THH would all be*Iisted as 2H, IT). Put Ihe results 
on the board in a manner similar to the following. * 



1 

IH, OT 



1 

OH, IT 



1 

2H, OT 



2 

IH, IT 



1 ^ V 

OH, 2Tv 



1 

3H, OT, 



3 

2H, IT 



3 

IH, 2T 



I* 

OH, 3T 



1 

4H. OT 



3H, IT . 



6 

2T, 2T 



4 

IH, 3T 



I 

OH, 4T 



The pupil wiil observe that the total of each row is the number of outcomes (combinations) for 
each experiment. The recording may be extended to include another row by adding the first two 
members of the row above, then adding the second and third me'mbersof the row above, etc. Once 
he discovers this pattem, he can extend the triangle to find the number of outcomes with the 
tossing of any number of coins. He may then discover that the following pattern also exists. 
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Number of Coins 



Total number 
of outcomes 



1 21 

2 22 

3 23 

4 24 



The piipil should be informed that the sample space where combinations are necessary may be 
found by using a fonnula. Many of the modem junior high textbooks include a discussion of this 
topic. 

23. Give each pupil a set of thirty-six index cards. Ask each one to write one letter of the alphabet on 
each of twenty-six cards (A-Z), and write one numeral on each of ten^cards (0-9). Then ask each 
pupil to list the possibilities for tags or code names with 1 letter and 1 number. 

letter w number ... . 

2^ ^ — = 260 possibilities 

If this activity is used by a pupil who has difficulty with large numbers, the teacher could limit the 
possibilities for the letters and numbers. He might be asked to use only the vowels a, e, i, o» u and 
numbers 0-4. The iSet of possibilities would be much easier to list than the first suggestion. More 
advanced pupUs can pursue this activity to include many ideas about the possible telephone num- 
bers a city might have if they had one exchange, two exchanges or other numbers of exchanges. 
Boys might be interested in determining the possible outcomes of a World Series. They might even 
be able to determine th^ probability of a team winning after they have lost 3 games. 

24. To illustrate how the size of a sample affects the validity of predictions provide 5 paperba'gs 
containing marbles of 2 colors such as the fpllQwing. 

Bag A - 25 blue, 5 yellow 
Bag B - 20 blue, 10 yellow 
Bag C - 15 blue, 15 yellow 
Bag D - 10 blue, 20 yellow 
Bag E ~ 5 blue, 25 yellow 

Label the bags on the underside or inside so that the pupils will not know which is A, B, C, D, E. 
Ask each pupil to draw 20 marbles out of each bag and replace the marble drawn each time before 
drawing again. Ask each pupil to tally the blue or yeUow each time he draws from a bag and record 
the number of blues and yellows he draws from each bag. Ask each pupil to guess which bag is A, 
B, C, D and E by using his sample as)a basis. Extend the activity by having the pupils compile the 
samplings and to make more valid wrdictions. 
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PROBABILITY AND STATISTICS 



OBJECTIVES 

The pupil should be ab|f to do the following. 

1 . Identify different techniques, for collecting data 

2. Sort out what is relevant and what is irrelevant data 

3. Demonstrate the need to collect a large enough sample of data to be representative 

4. Distinguish between a biased and an unbiased sample of data 

5. Give an example of how sampling affects the interpretation of the data 

% [3^tify various methods that may be used to record raw data and be able to select the best way to record that which he 
desires to interpret / 

7. Interpret and construct graphs 

8. Determine the range in a set of numbers 

9. Find the mean, median, mode of a' set of numbers 

10, Determine the deviation from the mean 

1 1 , Describe some events that are certain to happen and some that are certain not to happen 

12. Describe some events which are equally likely to happen and other events which are not equally likely to happen 

1 3, Assign a probability of 1 to an event which is certain to occur, 0 to an event which cannot occur and a number between 
0 and 1 to any other event 

14, Assign equal probabilities to equally likely outcomes 

15. Count all possible ways a set of "objects can be arranged under specified conditions 

1 6. Tabulate or describe the set of all possible outcomes of an experiment 

17. Make predictions based on data represented on a chart or graph 
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PROBLEM SOLVING 



Since problem solving is an integral part of mathema^s, it is not possible to- teach mathematics well and not be simidtane- 
ously solving problems. For this reason, many of activities suggested in each of the strands in the\guide are priblerp . 
oriented. The teacher, however, has the m^or responsibility of selecting appropriate problems for his ^nathematics class. V >^ 

WHAT IS A PROBLEM? 

In the guide a problem situation is recognized as one in which habitual response are inadequate. Word problems may in fact 
be only verbal exercise for some pupils. On the other hand, open sentences or exercises such as 5 + 8 = nare problems for 
those who do not know the associated fact, To say that habitual responses are indequate is to say that recognition and recill 
are insufficient cognitive processes for the activity of problem solving. 

The verbal exercise which begins, "John had 4 marbles and his father gave him 5 more . . .," is not a problem for the pupil 
^ho recognizes that a joining action is associated with addition an4 then recalls the sum of 4 and 5. In contrast, the pupil 
who does not know the sum of 5 and 8 is faced with a problem. In that case, the teacher's task is to ask the right questions, 
"What do you think it is?" **E)o you want to guess?'* "Why do you say that?" "How could you find out for sure?" In 
response to the last question, the pupil's decision will depend on his prior experiences and the performance level at which he 
is confident of success. He may choose 5 counters and 8 counters, recreate the joining of sets of 5 and 8 and count the 
members in the superset. He may place a matk at 5 on the number line and count off 8 from there; or he may reason, using 
well^nown facts, that 8 is the same as 5 + 3. Then 5 + 8 is the same as 5 + (5 + 3). Observing what happens as he carries out 
the experiment, he verifies and records his conclusions, 

Consider another example. 

Mary has 2 skirts and 3 blouse. If all of them go together, how many different outfits can she 
assemble? 

For pupils who have studied arrays as models for multiplication of whole numbers, this example is a drill exercise in 
recognition and recall. For pupils who have studied only repeated addition as the model for multiplication, it is a. problem. 

The selection of problems for mathematics classes becomes, then, a matter of selecting situations in which new relationships 
must be found among well-known facts or in which the context is so nervehthat pupils must explore, observe, make 
conjectures and test their conjectures. 



A Clfissrooni Environment for Problem Solvbig 

Given a problem situation, the role of the teacher is to provide an encouraging climate in which pupils feel free to make 
guesses, checking out their guetses at whatever performance level they are successful, talking about their observations and 
making decisions which are defensible in terms of the conditions and data given. Teachers can aid pupils in developing the 
right sort of guessing by asking questions such as the following. "What do you think? Which of these two cans holds more 
wattr?" "What do you think? Which is the greater number, -g- or ?" Following the recognition or recording of pupils' 
conjejctures, the teacher should ask, "How can we find out?" After pupils have carried out the experiment and observed what 
{lappens, the teacher should ask perhaps.the most important question of all - "Why did we think the answer was one thing 
when in fact it was something else?" 

Collecting opinions from pupils at the outset may seem unusual in a mathematics class. However, it can give the teacher 
valuable insight into their thinking as well as focus attention on the nature of the problem at hand. The selection of problems, 
the questions asked by the teacher and reactions to pupils' guesses are all very important in developing and improving 
competencies in solving problems. Since some pupils are discouraged by being told that they are wrong, an important 
contribution from the teacher is his expectation that they can solve problems. His confidence can encourage easily frustrated 
pupils to try again and can be contagious. Persistence and confidence' are characteristics of good problem solvers. 
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Other^Pacton Related to Success in Problem Solving 

In addiUon to teaching guessing and encouraging flexible approaches to problem solving, the teacher needs also to provide for 
his pupils' acquisition of knowledge of fundamental concepts in mathematics, skills in computation and reading and other 
interpretive abilities. 



in physical world 





COMPUTATION 
using algorithms 




NUMBER SENTENCES 
using symbols 
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Knowfedi^ of fundamental concepts is acquire^ through a variety of'planned experiences. Consider the word problem. 

Three boys were playing marbles and two other boys came to play with them. How many boys are 
now playing marbles? 

When difficulties occur with exercises of this type, the difficulty is probably not one af reading nor one of computation, but ' 
one of not knowing the meaning of the operation called addition. Help for this difficulty involves the right kind of initial 
presentations of the operations concepts. It is for this reason that a distinction has beeV made in the guide between operation 
and computation. Teaching addition is different from teaching how to computenhe suK^the former encompasses the when 
and why one adds, whereas the latter does not. If sufficient attention is given to the meaniTi]^ai*d effects of operations, pupils 
should have less difficulty in recognizing verbal descriptions of situations for which the different operations are appropriate. 
On the other hand, if computation is given the major emphasis, it should not be surprising that pupils fail to recognize a 
situation which calls for a particular process. Teachers should see th6^ strand on Operations, Their Properties and Number 
Theory. 

Teachers also need to be alert to possible difficulties associated with the no-action situations. The joining of two sets of boys 
described in **Three boys were playing marbles and two other boys came to play. . r is identified with the operation of 
addition. In the verbal description, the action of joining two sets is explicit. However, some pupils may have difficulty with 
verbal problems of the following type. I 

Susan and Jane live on adjacent blocks. Susan counted 7 brick houies on the block where she lives, 
and Jane counted 5 brick houses on her block. How many brick houses are there in the two blocks? 

The two sets of houses cannot be joined physically Nevertheless, the reader must think about the two sets as joined in some 
superset and recognize that the situation described is an additive one.' 
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Corresponding to the other ope;ations are the same categories of action and no action problems. Quite often, it is helpful for 
pupils to recreate problem situations with manipulative or pictorial aids. Some will need physical experiences with counters 
or toys, while others will need on\f pictures or diagrams which they can draw. Problem difficulty has been assessed along the 
aids/action diirten^on as follows. 



Aids 




Problem Situation 


Action 


No Action 


Physical 




Easiest 




Pictorial 








None 






Hardest 



In light of the above discussion, the usefulness of cue wprds in verbal problems becomes highly questionable. The better 
strategy seems to be one of developing the concepts of operations and the concurrent development of language — in both oral 
and written descriptions - associated with the concepts. In the guide, it is suggested that pupils be given an equation such as 
3 4=[Hor3 + D=7 and be asked to make up a word story with which the equation could be associated. By encouraging a 
diversity of responses, a teacher can aid pupils in learning many different settings and situations for which a particular 
operation is appropriate. At the same time, he is helping them develop the language skills one needs for reading and talking 
about mathematical ideas. 



Consider the following word problems. 

(1) John his 6 pennies in his pocket and 3 pennies in his lunchbox. If he puts them together, /ic»v 
many pennies does he have? 

(2) John has 6 toy cowboys and 3 toy horses. If he purs one cowboy on each horse, how many 
cowboys will not have a horse to ride? - 

(3) Before school started in September, Mary's mother made her 6 new blouses and 3 new skirts. If 
she could put the blouses and skirts together in any combmation, how many new school outfits 
would Mary have? , 

(4) Mary has 6 roses and 3 vases. How many roses could she put in each vase so that there are the 
same number of roses in each* vase? 



In each case, the word **and" serves its logical role as a conjunction and docs not indicate the action involving the given sets: 
In each case, the word which suggests the action is **putfsV" In the first problem, two sets are put together to create a' 
superset. In the second problem, two sets are put together for the purpose of comparing them. The putting together involves 
the action of matching objects from one set with objects of another set in a one-to-one correspondence until all the objects in 
one set are exhausted. In the third problem, the putting together involves the pairing of each object from one set with, each 
object of the other set, that is, the creation of a third set in which the elements are outfits, or pairs (one skirt, one blouse). In 
^.the fourth problem, the putting together of the two sets involves the action of establishing a many'-tJ)-one correspondence of 
the given sets. In each case, \he question is "How many . . .?" There are no single, clear-cut word cues for corresponding 
mathematical operations. 

Neither the ability to recall the number facts nor skilb in reading as measured by standardized tests are sufficient cognitive 
factors for solving these' problems. One must also possess an ability to recognize that certain kinds of action (real or implied) 
are associated with particular mathematicial operations. The successful problem solvers, in this case, are those who associate 
addition with the-action described in problem 1, subtraction with the action described in problem 2, multiplication with the 
action described in problem 3 and division witH the action described in problem 4. 
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Tcachcn ghould provide a variety uf experiences in which pupils can talk about their undehtanding of the operations. For 
instance, pupils lyiay be given the four verbal problems above (or some similar set) and either of the following sets of 
corresponding expressions. ^ 

(a) (1) the sum of 6 and 3 (b) (1) 6 + 3 

(2) the difference of 6 and 3 (2) 6 - 3 

(3) the product of 6 and 3 (3) 6 X 3 

(4) the quotient of 6 and 3 (4) 5 3 . 

They should be asked to discuss (and demonstrate, if necessary) why the corresponding expressions give the correct solutions. 

Other techniques teachers may use to help pupils improve their problem solving abilities through increased understanding of 
the fundamental^perations ari these. . ' 

• Use problems without numbers. • 

• Have pupils act out problem situations and solutions. 

^ ■ < 

, . • Have pupils write only the corresponding number sentences for verbal prolMc.r.s (but not the answers). 

• Have pupils make diagrams or drawings to illustrate their solutions. 

• Use problem with insufficient data or irrelevant data. 

Have pupils make up problems fof given pairs of numbers (e^., formulate four different problems in which the 
numbers 24 and 8 are used, with each problem solution to involve a different operation on 24 and 8). 

Skill in computation is, of course, a necessary condition for getting correct answers, and teachers should have pupils test the 
reasonableness of their answer as a check on their computations. Such tests may also provide checks on the appropriateness 
of processes selected. (For further discussion on skills in computation, teachers should see the section on Difficulties in 
CompuUtion.) The tediousncss of computation should not be allowed to obscure the principle inherent in a particular verbal 
exercise. For instance, if pvpUs are studying the principle related to finding the arithmetic mean of a sample of n measure- 
ments, the emphasis of classroom activities should be on the m^athematical principle. In this case,.onc^ the pupUs have 
identified the procedure to be used, it is helpful to use an adding machine to take care of the tedious task of summinc all the 
measurements. o x 

Reading and other interpretive skills should be develpped as an integral part of the mathematics program, with special 
attention given these skills in class work with verbal problems. In addition to the technique^ previously suggested for 
developing language and reading skills, the following suggestions should also prove beneficial. 

Help pupils leam to use their textbooks. Take time to read with them certain narrative sections of the book, including the 
preface, if there is one. Take time to note the table of Contents and to teach the use of the index. If the publisher has a 
glossary of mathematical symbols and word definitions, make it accessible to pupils. Encourage and help pupils find out who 
the authors are and secure biographical information about them. / 

H^e pupib read library books and reference materials related to mathematical ideas. For instance, in the upper grades, when ♦ 
studying measurement, have a committee of pupils research a tjapic such as 'The History of Linear Measures'* and report their 
- findings to the class. Identify science-related materials and problems (which involve mathematical principles ^nd skills) for 
pupils to read and solve. Identify charts and graphs from the social studies program which require interpretive skills learned in 
mathernatics. Help pupils to know that mathematics is a lively, purposeful and dynamic force in their cuhure. 
Provide specific instruction in quantitive vocabulary. The study should include the role of prefixes and suffixes with 
word roots which occur in mathematics, as in the words polygon, polynomial, triangle, trinomial, equalities, equidistam. The 
study of V ord endings should be included, as in the words polygonal, rectangular, radii. The study of prefixes, suffixes, roots 
and endings which have special meanings will facilitate the learning and spelling of new terms. 

Have pupils fomiulate and write verbal problems, or have them jointly discuss how to explain a selepted mathematical 
pnnciple and write the verbal explanation on the board. Class discussions of the written materials should lead to refmement 
and classification of the language used. Encourage pupils to avoid redundancies and ambiguious descriptions. An occasional 
mathematics period devpted to developing skills of conciseness and precision in language is welPspent. 
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Have pupils read selected word problems for the purpose of finding specified information. What is the auestic^ Describe the 
setting. Who is- involved? What sets of physical things are involved? What is the order of events which o^ji^ir over a period of 
time? What is the relationship or action described? Errors or inabilities in comprehending what ^jjl^rread may be due to the 
pupils' failure to read for the express purpose of noting details. Explanatory or descriptive materials which deal with 
mathematical ideas are marked by a conciseness which is not characteristic of reading materials in general. Know the reading 
abilities of pupils and select or adapt materials to their ability levels. 

Present problems orally. Provide for the poor reader by using a tape recorder to record word problems. There are many 
opportunities for engaging all pupils in problem-solving activities through open discussion, through manipulation of physical 
models and through the use of pictures and diagrams. No pupil need be denied learning experiences in problem solving. 

In addition to selecting and adapting instructional materials and procedures to the abilities of his pupils, the teacher himself 
can serve as a model in the use of language. For instance^ the simple written expressions, "the product of 8 and 9" or "the 
sum of 8 and 9" are difficult for those pupils who have always read "8 X 9" as "8 times 9" or "8 + 9'' as "8 plus 9.'* Teachers 
can easily provide experiences with such verbal language expressions through their own use of them in writing at the board 
and in reading symbolic expressions such as "8 X9 = 72" as "The product of 8 and 9 is 72." Instead of asking pupils to "find 
the answer to.,.,*' the teacher could ask them to "find the sum of..." or "find the quotient of..." Consider the following ways 
of writing One simple fact in mathematics. 

(1) 3+4 = 7 (6) The sum of 3 and 4 is 7. 

(2) 7 = 3 + 4 (7) Seven is the sum of 3 and 4. 

(3) 3 (8) Four more than 3 is 7. 

^ (9) Seven is equal to 4 more than 3. 

7 



(4) Three plus 4 is equal to 7, 

(5) Seven is the same as three plus four. 



(10) Four added to 3 is 7. 
(I I) Seven is 4 added to 3. 



If children hear and use the verbal variations in (6) through (II), they are more likely to be able to read such statements with 
understanding. 

The ability to read any verbal problem with understanding and insight and find the solution is a complex ability which 
encompasses several cognitive factors and processes. There is no one step-by -step procedure which is best for every problem- 
solver. However^ the following procedure is suggested as a guide for general classroom use. 

• Tell a short story. That is, have the pupil read the verbal problem and revise the narrative so that it is in the forn of a 
short story. 

' Select the mathematical operation associated with the problem structure. / 

' Write the number story or open number sentence corresponding to the story. 

' Solve the numerical problem. 

' Answer the question asked in the verbal problem, 

* Check to see if the solution is reason able. \ 
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DIFFICULTIES IN COMPUTAI ION 



INTRODUCTION 



In this section, the place of computation in the mathematics program is discussed. The cojnmi.tee has examined specific 
types of computations which students find difficult and has made some suggestions. 

>o the strand Operations, Their Properties and Number Theory a distinction is made between operations and computation, 
G^ipuiation is the processing of numerals. The process yields the name of that number which is assigned to a pair of 
r?tmhbers by the operation. For example, the operation of addition assigns a single number called the sum to the pair of 
ripmbers 17 and 18, By the process of computation, one^ determines that the name of this sum should be 35 in the decimal 
system of numeration. 
f » 

In order for children to obtain skills in computing, they must first have an understanding of the operations. As described in 
the strand Operations, Their Properties and Number Theory, each operation should first be related to a physical situation, 
then illustrated through p let dll^^^re presentation^ and number hne activities and recorded with numerals and operational 
symbols. 

r 

The abstraction of the operations should be pulled from the phyjsical world so that later in problem solving there will be no 
trouble when one also moves from the abstraction back to the physical world. The operations need to be clearly understood 
in order to organize and set up problems in symbols. The place of computation in solving problems may be seen in the 
following graphical illustration. 



Problem 

in physical world 




COM PU T ATI ON 
using tilgorltritiis 





NLUVlHEf^ St-NTCNCFS 
usifig symbols 
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In the lower grades, teachers typically make a practice of offering children experiences with physical models associated with 
the operations and having them record the results using mathematical symbols. However, in order todevelop any, of the 
computational algorithms, the pupil needs to use physical models for the operations that emphasize bundling collections into 
tens, hundreds, etc. For instance, the pupil sees that a collection of 9 objects joined to a collection of 6 objects yields a 
collection of (6 + 9; objects. Ik should then actively experience the bundling of this collection according to the [^ns rule, or 
decimal coding scheme. The act of bundling ana then recording the sum as one-five (1 bundle and 5 singles) should precede 
naming thy sum **fifteen." Early experiences with small sums such as these are necessary for children to develop insight into 
coniputtffion as the processing of decimal numerals. It should be recognized that this bundling is the physical analogue of 
those maneuvers called renaming which occur again and again in the computational algorithms. 

With larger numbers, one or more of the addends may need to be represented with bundles. For example, in determining the 
sum of 17 and 6, the 17 should be represented by 1 bundle of 10 and 7 singles. When the collection of 6 is joined to this, the 
resulting collection cannot be assigned a decimal name until more bundling is done. In the example in the second paragraph 
of this section, the sum 17 and 18 should be represented by 1 bundle of 10 and 7 singles joined with 1 buncfle of 10 and 8 
singles^. Again the decimal name of the sum cannot be assigned until all possible bundling has been completed. The sum 
should then be recorded as 3S. The pupils should work individually on many similar examples with physical objects before 
making the transition to using pencil and paper exclusively. 

The stage in which children move from the basic concepts of the operatiorr; to thei final computational skills is called '*why 
(understanding)." And those skills which the children finally acquire to find the result with maximum speed are termed *Miow 
(skills)." The following examples show these stages. 

Why (Understanding) How (Skill) 



Problem 87 - 48 = □ 
Understanding the operation 
subtraction, decimal 
notation and regrouping, 
and knowing the number facts 

Problem 91^7 = D 

Understanding the meaning 
of division and the operation 
of substraction, and knowing 
the number facts 




9 = 39 



so 



91^7 



Liiter 



\.< 
91 

-7_ 

77 

-7_ 

-.70 



14 

-7_ 
7 
-7 
l^ 

3 

lb 



counting 



12 
13 



so 



7 )91 
70 
21 

IL 
0 

91 ^7 = 13 



87 

-48 
39 



13 
7 ) 91 
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The above activities allow children to discover their own patterns for computation. Since there is no single algorithm for any 
of the operations, tlie teacher should be willing tt) let children use any mathematically sound process they wish. 

Tlie development of computational skills continues tt) be one of the important goals of mathematics education. Wlien pupils 
have difficulty in .om[)uialion, the teacher, will find it beneficial to diagnose the difficulties. Allhougli diagnosis is time 
consuming, results will be worth the expenditure of time. Karly diagnosis will prevent pupil frustratit)n, failure and con- 
sequent lact of effort, If pupils do not understand the algorithms, additional problems of the same type will iiotjprt)vo 
beneficial. However, if they can see why they made mistakes and can learn the correct procedures, additu)nal practice will 
then be helpful. Mistakes may result from lack of understanding basic facts rather than from failure tt) understand algorithm. 
Acquiring skill in basic facts requires practice, repetition and drill, but the teacher should use a wide variety of drill 
tech.niques. 

An all-inclusive treatment of computational difficulties is beyt)nd the scope, of this guide . The examples given, however, will 
serve as models for diagnosing difficulties which the teacher will encounter in his own classroom. 

Typical Computation Errors Suggestions 



L Subtraction of whole numbers 



A. Jim wants to bu\' a po{)sicle that costs lOiJ, 
lie has 7a in his ptickel. How much monev' 
must he lake from his piggy bank to be able 
to buy the pt)[)sicle'' 

Incorrect Correct 
17j 3(1 



Inconect 



\{)\ 



Co\ reel 

' 25 

S 




The pupil does not realize that there are uses t)fsub- 
traction t)ther than take away. The example sht)wn at 
the lef t is one example of ht)w main more are need- 
ed. 

Fxemplity different models for subtraction. St)me t)f 
these a M) Take away. Use a set of ^) objects. 
Remt)Ve 3 objects. Mow many are leff? (2) How many 
iiit)re Use a set t)f three t)bjects. Ask, *Tlow many 
more are needed to make ^)'^'' (3) Comparison- Ct)ni- 
pare a set of ^) objects ".''h a set of 3 objects. Ask, 
''Mow many mt)re ;i n il largest set?" (4) Inverse 
of Additit)n- Write ^ r = q or 0+3 = 9. Ask, 
''What number would ikjIa- ihi.sa true sentence?'' See 
the strand entitled Opcratit)ns, Tliejr Properties and 
Number Theory . 

Many errors in subtraction which pupils make 
throughout the elepientary grades could [)e a\ )ided 
with the use t)t proper vt)cabulary. On beginning the 
use t)f the symbt)!, in subtractit)n, translate it 
"minus." nt)t "take away," For example, dt) not read 
^) - 3 as "nine take away three," but read it as "nine 
minus three." Alst) do nt)t over-simplity in explaining 
[)y.saying, "You always take the smaller number from 
the larger," since this leads to errt)rs in computation 
later as illustratetl in the next example. 

The pu[)il may uiulerstand (he subtraction operation 
l)ut nt)t comprehend the subrraction algt)rithm. 

s dij(lcult\ IS thie to a lack oi understanding ()1 
pluce value oi ohdifferent ways of nanung a numbci. 

j)upil having such difticully shoukl have ex[)enence 
u.sVng [)lace value devices with counters. These pro- 
ems would require the use ot counters bundled into 
tens and luiiulretls. I it)m tlie use of manipulative 
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II. Division of Whole Numbers 



\ 
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materials the child should realize that in subtracting 8 
from 25, he may represent 25 a? 10 + 10+5 or 10 + 
15. The teacher should lead the pupil to see that the 
logical choice here would be 10 + 15 for two reasons. 
He needs 8 or more in the ones column, and since the 
second column contains only multiples of 10. he 
must use one 10 from that column to combine with 
the 4 ones. Pupils shoula be encouraged to use 
methods other than the standard algorithm if they are 
better understood. Some alternate methods are as fol- 
lows. 

( 1 ) Number line 

Marking the 8 as an addend and ,25 as the sum, anu . 
finding the missing addend, 

(2) Counting on or counting back (similar to the conl- 
plenient method) 

25 - 8= 15 +(10- 8) 
which is 1 5 + 2 
which is 1 7 
so 25 - 8 = 17. 
or 

25 - 8 = 5 + 20 - 8 

which is 5 + 12 ' 
which is 1 7 
as 25 - 8 = 17 

(3) Algorithm of integers ^here appropriate) 

24 
28 

-4(by4-8 = -4) 

20 (by 2 tens - 0 tens = 2 tens or 20) 

16 (by - 4+20= 16.) 

(4) Other methods which pupils may devise. They - 
should be encouraged to analyze their methods to 
make sure that they are mathematically sound. 



"For background for the division algorithm each pupil 
should progress through the following in sequence. 
Some pupils may move through this sequence more 
rapidly than others depending upon their understand- 
ing of each stage. If a student is having difficulty with 
the final algorithm, he needs to have exposure to each 
of these methods. 

J 

\ 

134 1^1 



Divisioci Algorithms 
(1) Subtracting the divisor singly. 
32^4 

32 

Zl 1 
28 

-4 1 
24 

"4 1 
20 

-4 1 
16 

-4 1 
12 

-4 1 



4 

-4_ 
0 



This illustrates that there are 8 fours in 32 or 8 X 4 = 
32, therefore, 32 4 = 8 

(2) For larger numbers it would be impractical to 
s\>btract the divisor singly. The process may be short- 
ened by using multiples of the divisor. 




4TJ^ 
-40 10 
216 

-80 20 
136 

-80 ^0 
56 

-40 10 



-16 _4 
0 64 

This illustrates that there are 64 fours in 256 or 64 X 
4 = 256; therefore, 256 -f 4 = 64. 
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135 



t 

/ 



Another method of writing the preceding problem is 

4 

JO 

20 64 
20 . . 

10 

-40 



216 ' 
-80 
136 
-80 

56 ' 
-40 

16 
-16 
0 

(3) Subtracting multiples of the divisor which are pro- 
ducts of 4 and powers of 10> 



4)1296 . 




-400 


100 


896 




-400 


100 


496 




-400 


100 


96 




-40 


^ 10 


56 




-40 


10 


16 




-16 


4 


0 


324 



As slu)Wn in the preceding example, there is an 
obvious advantage in subtracting multiples of (he divi- 
sor which are large block multiples of tens, hundreds, 
etc. 

A further refinement of the "preceding metliod would 
be to choose the largest multiples of the divisor and 
powers t)f ten. To do so will give meaning lo the 
traditional algorithm. 



4 ) 12% 




-1200 / 


300 


96,/. 




-SO 


20 


16 




-10 


4 


0 


324 



/ 



143 



(4) Tlie traditional algorithm 



Th 



4r 



T U 
2 4 



2 9 

1 



Incorrect 
86 

56 
42 
42 



Correct 
88 

7 r622 
56 



62 
56 



1 6 
1 6 



0 

The loners representing thousands, hundreds, tens 
and ones placed above the c]iiotient should help the 
pupil to realize that the 3 in the cjuotient means that 
there are 300 fours in 12%, the 2 means 20 fours in 
96, etc. These letters should help him to reali/c htat 
as he writes the 8 under the T that he is using a place 
value location allowing him to omit the 0. 

Some pupils may prefer to write the zeros. The teach- 
er should i^llow them to write the zeros if they find it 
helpful. 

As an operMion, division should be presented as the 
inverse of multiphcation. See the strand entitled 
Operations, Properties and Number Theory. The 
algorithm generally used in processing division is 
called the long division algorithm. In example A., the 
error is actually one of computing differences; More 
work with processing subtraction problem should cor- 
rect this kind of difficulty. 



Incorrecl 
46 ^ 7 = 6 



Correct 

46-^7 
does not 
name a 

whole number, 

Instead. 

46 - 

(7 X6) + 4 



Other difficulties may be related to not knowing sub- 
traction or multiplication facts or to errors in pro- 
cessing multiplication and can be remedied by re- 
teaching and practice in related skills. However, the 
errors in examples B. through E. represent misunder- 
standings of a deeper nature, that is, misunderstand- 
ings of the questions about numbers which ftie pro- 
cess is designed to answer. To ;^swer the question, 
"Does 7 divide 46," one asks the related question, "Is 
there a number which multiplies by 7 such that their 
product is'46?" Recall of the 7;facts or examinations 
of the multiplication chart reveals that there is ko 
such number, and one concludes that 7 does noi 
divide 46. That is, the mathematical expression ''46 
7" does not name a whole number. However, in appli- 
cation to the real world one is often co^iiierned not so 
much with tlic (piestion, ''Does one number divide 
ano(her'^" but with two (|uestions - (l.)Howmanv 
subsets of a specified number »tt objects can be 
removed from a given set .' and (2) How many objects 
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remain? For example, (1) How many subsets of 7 
objects each can be removed from a set of 46 objects 
and (2) How many objects arc left over? The process 
employed in finding these answers is long division. In 
the process of answering the questions one must 
remember to find the - greatest number of subsets 
which can be rer«oved from tlie given set. 



C. Incorrect Coirect In-example C, 218 subsets of size 4 cannot be re- 

,i/oved from a set of 152 objects. In example D., it is 

v5 218 38 /true that 2 subsets of size 42 can be removed from a 

4 ) 152 4 ) 152 set of 849 objects, but 2 is not the greatest number of 

8 12 such subsets. Also, in example E., 23 is not the great- 

~7 32 est number of subsets of size 9 that can be removed 

4 32 from a set of 1827. In each of these three cases, if the 

32 O' pupil had used estimation or intelligent guessing in 

32 \ predicting an approximate number of subsets tu be 

/ 0^ removed, he would have realized that the answer tc) 

the first question is not correct. 

D. Incorrect Correct 

2_ 20 

42 )849 42 )849 

84 84 

^ 9 ~ 

E. Incorrect Correct ^ 

23_ , 203 

. 9 )1827 / 9 )1827' ^ 

18 / 18 

27 / 27 - 1^, 

' 27 27 

0 0 



Note that the long division process can be used to 
determine whether or not one number divides an- 
other. For example, the expression, 5632 -1-176, 
names a whole number if and only if there is a single 
whole number which multiplies by 176 such that 
their product is 5632, One can instead ask, (1) How 
many times can 176 be subtracted from 5632? and 
(2) How many remain? ff the answer to question (2) 
is zero, then we can say that 5632 -i- 176= 32. The 
related number sentence is 5632 = 1 76 X 32. ^ 

in summary, there are five types of difficulties asso- 
ciated with using the long division algorithm. 

(1) Skill in estimation- The development of this skill 
should begin prior to the introduction of the division 
algorithm. Estimation skills can be devcloi)ed in the 
'context of questions such as, "About how many 



times can a particular whole number be subtracted 
from a second whole number?" or **What is a multi- 
ple of the number called the 'divisor' whicli is close to 
but less than 1he number called the 'dividend?* Close 
to but greater than the number called the 'Dividend?', 
Do you think the answer to the first question is some- 
where in between?" 

(2) There are two answers in the long division pro- 
cess. That is, the process s designed to find answers 
to two questions. 

(3) Division is impossible for many pairs of numbers. 
For instance, the expressions 622 -f- 7, 46 ^ 7, 84^) ^ 
42 do not name single whole numbers. In using the 
long division process, childfen should realize that if 
the proces/ yields a non-zero remainder, one con- 
cludes that the dividend is. not a multiple of the divi- 
sor. However, 152 ^ 4 and 1827 -f- 9 do name single 
whole numbers since the long div^on process yields 
zero remainders. 

(4) The long division process is not a singular one. It 
is a combination of processes involving estimation, 
multiplication, subtraction and addition, 

(5) Children, accustomed to meiiiorizing niultipli- 
cation and addition facts, find it more difficult to 
think in terms of division and what the operation of 
division itieans. See the strand on Operations, Their 
Properties and Number Theory. 



III. Addition of Fractions 



incorrect 



A. 



2^3=^ 



.IV. Subtraction pi Fractions 



Correc t 
3 12 



2^3 6 



The causes of errors in addition of fractions may be 
due to errors in writing sets of equivalent fractions 
such as examples A. and B. Suggestions for teaching 
equivalent fractions may be . found in the strands, 
Sets, Numbers and Numeration and Relations and 
Functions. 

Suggestions for teaching addition of fractions may be 
found in Operations, Their Properties and Number 
Theory. 



A. 



Incorrect 



7 1 - 
8 - 8 



Correct 



..1 
" 8 



I This error is a carry over from the subtraction of 
/ whole numbers. In sucli computation thcpupil would 
N.^ write 1 beside the numeral in the ones place to repre- 
sent the 1 ten which he had borrowed. Writing it in 
this manner was all right in computing with whole 
numbers since he was computing in base ten. How- 
ever, in adding fractions this pupil did not understand 
that adding 
in adding 



to -g- in this problem actually results 



to ±. 

8 



a - ^ 4 



39 
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Incorrect 

7 



" 4 



Incorrect 
. 1 



2\ 



Correct 

4 



Correct 

3 = 



5 

'IT 



Stress the important fact that 1 has many equivalents, 
and that the pupil should choose whatever form of 1 
is needed^ to give a common denominator in the par- 
ticular problem. For example, 1 = y = T ~ " 
-| . . . Notice in examples A. and B. the equivalent re- 
present A to -|- . 

Tlie pupil making error B.^oesnot realize tliat the 
number '*seven'' should be represented by symbols 
other than 7. 

It is obvious that the pupil making error C. docs nof 
realize that he must have a common denominator 
when subtracting fractions. ^ee the strand on Opera- 
tions, Tlieir Properties and Number Tlieory tor a dis- 
cussion on subtraction of fractions. 



V. Multiplication of Fractions 
Incorrect 

3 H 



A. 



t 4 



Incorrect 



Correct 

1 I 



_6 
12 



Correct 
(1) 



3^X2^ = 



(3.^3) X (2. f) 



4 6 4 

6 + — + -r + — 

5 8 15 



12 ^ 4 



This error is usually made after the student has learn- 
ed to check for e(]uivalent fractions or after he has 
studied proportion; in each case he is cross multiply- 
ing. Bring to his attention that in working with equi- 
valent fractions the symboP'='' is used, whereas, if 
fractic^s are to be multiplied the " X is used in 
such problems as A. 

2 2 
Tlie student may realize that 3 -j means 3 + y but 

he does not recognize the significance of this principle 

in this particular exercise. The student may use two 

different methods to solve this problem. 

In (I) the sum of the partial products are given. It 
might be helpful for the student to compare this 
method to the partial products as used in multiplying 
whole numbers such as 23 X 45 where the sum '^f the 
partial products would be (5 X 3) + (5 X 20) + (40 X 
20) or 15 + 60 + 120 + 800 or 995. 



6 + 



4 



15 



NO i47 

o 
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In (2) each mixed numeral is written and used as one 
fraction. ' 



Division of Fraction 
^ IncDrrcct 



(2) 3 2^22 



17 ^ 8 _ 



_136 
15"" 



15 



Correct 



3 
4 

72 



^ 1 



'8 



To record the numbers used in this method he should 
realize that 3-f means 3+4 Therefore. ~- + 
^ = . The teacher should insist that the pupil 



5 ~l 

use this procedure before using the short cut 
5j<J_+_2_or \1_ ' 
5 5 • 



If lie uses the short cut with no understanding, he wil 
in later grades make s^ich mistakes as 
^-1±J 01 11. 



Sec the Operations, Tlieir Properties and Number 
Tiieory strand for a thorough discussion oX the 
operation of division of rational numbers. The two 
major methods or algorithms for dividing with frac- 
tions are illustrated. The .common denominator al- 
gorithm used in the first correct example can be justi- 
fied by reading ii ^ 1^2 as' "9 twelfths divided by 
8 twelfths," i.e. using* the fractional parts, twelfths, as 
denominations. 

The reciprocal algorithm is used in the second correct 
example. By multiplying the. dividend and the divisor 
each with the reciprocal of the divisor, the cjuotient 
remains unchanged and the divisor becomes 1 . Of the 
two methods, the reciprocal method is nu)rc widely 
used; however, few. pupils understand why it works 
and often invert the wrong fracticm. Tlic common 
denominator method may not be as well known, but 
it is more readily understood by children. The com- 
mon-denominator method may be illustrated by 
using strips as shown, (a) Find the number of eighths 



in sifc -eighths or 4 



1 


1 


1 


1 


1 


1 


1 


1 


8 


8 


8 


8 


8 


8 


8 


8 



Tlie pupifcan easily see there are 6 eighths in six- 
eigiiths. 



(b) I'ind the ;nimher of one-fourths in six-eighths or 

~ = n. 

6 . 2 
H 



# « ■ 6 . 

The problem written as h ~ 4 - h ~ h is more 
' readily understood if a drawing is used. 



Tlie pupil can see that there 
one-fourths in' 6 eighths. 



are 3 two«eighths 01 ,3 
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VII. Diviaion of Dedmals 

Incorrect 

53.95 8.3 
.65 



Correct 

6.5 

83. ) 53.95 



8.3 ) 53.95 
498 



41 5 
41 5 



Before Ibeginning computation with decinaals, it will 
be helpKdto explain thoroughly that decimal frac-*:* 
tions are an extension of base ten place valiie. The 
difficulty arises in the present example because the 
pupil does ^ not understand the extension of place 
value. Division of decimals c^n be presented as the 
inverse of multiplication. In the example shown, 8.3 
is a factoY and 53.95 is a product. Ask the question, 

^Tenths X □ = hundredUis or y5 X □ = 

The pupil* should see that 1/10 is a replacement for 
the □ , and that the missing factor would be one 
tenth. One way of showing this method is as follows. 

65 tenths or 6.5 

83 tenths) 5395 hundredths 



A second method is to record the problem using com- 
mon fractions so that the divisor and divident have 
common denominators. 

5395 83 

53.95 >r 8.3 = 



100 



10 



5395 
100 



100 



A third method is to record the problem as one com- 
mon fraction and multiply the numerator and denom- 
inator by a piower of ten in order to make the denom- 
inator (divisor) a natural number. 



53.95 
8.3 



53.95 
8.3 



^ 10 



539.5 
83 



The third method is the one usually used with carets 
placed to show the placing of the decimals. If this 
method is used, care mB^^^be, takert in! recording to 
align the decimal of the quotie.nt wiih the caret in the 
dividend. 



VIII. Subtraction of Integers 

Incorrect Correct 

^ ^8, - ^3 = 5 ^8 - "3 = ^11 

^- ^8 - "3 = '11 ^8 - '3 = ^11 

\ 



\ Errors in subtraction of integers are from two causes. 
(1) The pupil does not understand the operation with 
integers, or (2) he makes mistakes using combinations 
of whole numbers. 

To alleviate errors due to the first cause consider sub- 
traction of integers.as the inverse of addition. In this 
problem, *8- ""3 may be stated as, ** What number 
added to negative three will give a sum of eight?" 
(Note that '3 is read **negative three'* not "mir 
three. 'V "Minus*' is reserved for the subtru' 
symbol. 



\ 



Tliis problem of subtraction 'of integers, "3+ □ ='*"8 
can be illustrated with a niimber line. 




-5-4-3-2-1 01 23456789 10 



Tlie points ^corresponding to the known addend and 
the Slim are marked on the number line. The pupil 
should then coUnt the number of units from the 
addend to the sum to find the missing addend. If he 
counts toward the right, the missing addend is a posi- 
tive number; and if he counts to the left, the missing 
addend is negative. Tlie pupil should have experiences 
using the number line to solve .different types of sub- 
traction problems with integers.- . 

The pupil should be encouraged to observe many ex- 
amples in order to discover the pattern .that subtract- 
ing an integer gives the same result as adding its oppo- 
site. The teacher should provide many examples with 
correct answers. 

They must be selected carefully in order to have the 
patterns necessary to guide discovery. One set of ex- 
amples to use is as follows. 



^8 - -5 = 


= *3 


"8 


+ '5 = 


m 


""8 + -5 •- 


= ^3 




- ^6 = 




'8 - "5 = 


-- '3 


u 


+ "6 = 


□ 


"8+^5 = 


= '3 


"4 


- '6 = 


+2 


'8 -^5 


-- 13 


~4 


+ ^6 = 


*2 



f 



IX. Miiltip|icatii>ii of Integers 

luinn ei'i 
H X S : 41) 



('oni\l 



S X S 



^4U 



l.rKUs in nuiltiplicalKm of imege^. are from two 
causes. (1) The pupil does not know or understand 
the detnutuui of the operation, or (2) he makes mis- 
takes m multiplying the related whole numbers. 
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The definition of multiplication for integerVl»jmore 
difficult for pupils to understand because it iswnc|j£ 
difficult to relate the operations to objects or phy^ 
sical situations. Of course, a negative number times a 
negative number is most difficult. There are many 
methods of justifying the answer for this problem. 
The pupils should be exposed to several so that he 
may choose the one he believes. The physical situa- 
tions may seem artificial to some students, but there 
are several that can be used. See those used in the 
strand on Operations, Their Properties and Number 
Theory. 



1. 



A more mature student will enjoy a simple proof 
using several important properties for integers such as 
a X 0 = 0, a X 1 = a, a X "a. For example, if a 
student has a problem '6 X '9 = □ he may be able 
to understand a proof of multiplication of two 
specified integers as the one below although he may 
not he able to produce it. 



Statement 



Reason 



+ '9 = 0 

"6(*9 + '9) = 0 
-5 X ^9 + ^6 X -9 



= 0 



Inverse element for 
addition of integers 

a X 0 = 0 
distributive property 



-54 + "6 X "9 = 0 

-54 + "^54 = 0 

Therefore 

"6 X '9 = "^54 



multiplication facts 
additive it^verse 



The additive inverse 
of a number must 
be unique. 



An advanced student may want to do the proof for 
the general case ^a X ^b =^ab. 
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UPDATING CURRICULUM 

Continuing Program Improvement 
Evaluating Pupil Progress 
Utilization of Media 
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CONTINUING PROGRAM IMPROVEMENT 



Long range curriculum planning is necessary for the development of a good mathematics program. A curriculum committee 
should be in Qontirmous operation to evaluate, to improve or" to revise the program, The^ committee should schedule 
evaluations of the program for specified times; this schedule should be correlated with the schedule of evaluation of the 
piipili' progress. 

Tlio plan of tiic local program should be in writing and should be available to all of the elementary teachers. This guide is not 
a ^iourse of study for the local schools since it is not all inclusive. It should serve as a guideline in planning the mathematics 
pri>grarn of the local elcnioniary schools. Tlie objectives in the local guide should be an expansion of those in the state guide. 
Ideally, the objectives at the local level sfiould be written in s[)eciric, measurable, behavioral terms. The objectives should be 
determined betore the textbooks and other materials are selected since the textbook is not the course of study but is one of 
the tools to aid instruction. 

The inatiiefnatics program should 
' . be consistent with the total program of the local system so that there will be correlation with other curriculum areas; 

• fulfill the objectives as presented in the local mathematics guide; 

- be an expansion ()f the state mathematics guide ; 

- have consistent, accurate and precise vocabulary; 

• include plans for best use of textbooks and- other materials; 

• include plans for best use of audio-visual aids and ETV; 

• pH'Uvidc for Continuous improvement; 

- reflect ri^search fundings of recognized authorities in mathematics education. 
Writing Local Guides 

The local guides do not need to follow one pattern. Tliey should be in accordance with local needs and should be in a form 
for best "tilization. Some guides may be an enlargement on or extension of special units specifically selected by the local 
staff 

In order to achieve the goals of the mathematics curriculum it is essential to have well planned, regularly scheduled inservice 
programs. In. these ^lc£^ing^^^ \He .staff of the local schools' should utilize the state guide. The inservice program could center 
' around one or more of the following. 

• stating specific objectives, eacli one written in terms of the cj^^sired behavior, the situation involving such behavior 
and the Criteria for success; 

• writing additional activities in each of the strands or in specific strands; 

having indepth studies in one or more strands so as to develop them further; 

*' ' • developing a mathematics laboratory and writing plans for its use considering effective staff utilization, org^inization 
of materials and facilitation of their use and instructions to students through such devices as activity cards; 

• collecting and organizing various materials to use in teaching the strands; . 

. developing local guides to fit the local needs, such as to develop specific skills needed by local industries; 

• , developing- charts tor recording the evaluation of pupil progress. 

Achievement ^^oalS 

Pupil achievement should be in terms of growth, change and progress in the attainment of locally established objectives. 
Ability to use many processes in appropriate situations is an iniportant facet of achievement. Tlie niathemaiics curriculum 
should provide continuous (>pportunity for the pupil to progress in a program at his level of ability. Tlie teacher has a sense of 
achievement if he lias provided an opportunity for success in the program for Ins pupils. . 
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The program should be Hexible enough to encourage innovative practices such as trying out new materials and new methods. 
Ideas for these may be obtained through participating in professional meetings, reading and studying professional journals and 
other publications and working with consultants and other resource people. 

The excellence of a program is perhaps best represented by the manner in which a suitable balance is achieved between 
challenge to the student on one hand and opportunity for success on the other. 



Selection of Textbooks 

Since there is multiple adoption of textbooks for the state public schools, the local systems need to establish criteria for 
- selecting those which will be locally adopted. It is suggested that a local committee be composed of representatives from each 
school and from the different grade levels. This committee should begin its work one year prior to the selection of textbooks 
at the local level, it should study local needs considering both the experiences of the pupils and the background of the 
teachers. 

When the committee has narrowed its selections to a few books, pUot programs should be instituted in representative cases 
where financially feasible and comparisons made of the results found before the committee makes the final selection. This 
practice would alleviate the dangers of having individual teachers making the choice of textbooks and of having no sequence ' 
throughout the school program. 

The textbook committee should accept as its responsibility the selection of diversified textbooks for different levels to suit 
mdividual needs. Also, textbooks for supplemental uses could be chosen as weU as those for experimental purposes. 

If textbook money is limited, the committee should investigate sources of revenue for implenfenting the needs, such as the 
various federal funds. If sufficient funds are not available to purchase basic textbooks for all levels, a careful study should be 
made to determine the best usag^ of funds. 

In selecting textbooks, the local committee should consider specifir criteria. Among publications in which such listings may 
be found is the Criteria for Selecting Textbooks of the National Council of Teachers of Mathematics. Criteria such as the 
following should be taken into account. * 

Throughout the series does the content include sufficient material to develop the concepts as stated in the objectives 
of the strands in the state mathematics guide? 

Is the spiral approach to learning emphasized in the content? Are topics explored in more depth at each level? 

U the method of presentation conducive to logical'thinking through pupil involvement and discovery of patterns 
and principles of mathematics? 

Does the presentation of material allow a child to move ahead at his own rate and interestlevel? 
Is the material appropriate for the child's vocabulary and reading level? 
Is the arrangement of material adaptable to all levels of ability? 

Is the review of previous level material distributed throughout the content areas rather than concentrated in the 
beginning of the book? 

Is the driJI work designed to reinforce the basic concepts? 

In the series, is there multiple authorship which includes a mathematician and a teacher experienced at this level? 

Are there sufficient diagnostic and evaluative materials, including those for self-evaluation '> (Such materials could be 
included In text, workbook or manual.) 

Do the teacher aids include a rationale, the piipifs materia], suggestions for individualizing instruction, additional 
resources and evaluation procedures, and are these aids convenient to insure effective use'> 

Are the textbooks durable, attractive, of convenient size, of good quality material, of suitable type and functionally 
arranged? 
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EVALUATING PUPIL PROGRESS 



tvSluation is diagnostic, prescriptive and individualized, and should facilitate self-evaluation-. The evaluation is developed by 
many methods and from many sour<?es. Evaluation may be made in the context of projpfTS, problem-solving situations, daily 
class participation, paper and pencil tests and standardized tests given for diagnostic purposes. For advice on selection of lesis- 
for specific purposes consult with the Guidance and Testing Unit of the Georgia Department of EducrMon. 

Projects should challenge the pupil without frustrating him, provide opportunity for applying mathematical concepts already 
learned, he appropriate to the interest'and ability level of the individual and be shared/^fler completion. Problems should 
arise natOrally from classroom situations. A teacher may contrive problems to relate concepts learned to real situations and to 
challenge the pupil to reason and think beyond the level at Avhich he ha.v computatit)nal ct)mpeiewcy . Class parlicipati-()fi" 
should involve every child, build confidence in the individual. cr\?ate an alnu)sphere conducive to buildjpg positive self- 
image and should not be dominated by any one individual. 

Daily performance of pupils Including tjuestions pupils ask and their response to teacher qiieations are excellent ways U) 
evaluate the understanding of the pupils. Activities which allow pupils to demonstrate understanding of specific objectives are 
good instruments through which to measure understaxiding. 

Tests should be given to determine pupil achievement of spocific objectives, and can be varied by requiring descriptions of 
ways to .solve specified problems rather than requiring numerical answers. 

Teachers need to^make tests that are short enough to give the pupil time to think and complete the test in the lin^ alloted. 
Teachers need t-o be careful to give specific and clear instructit)ns. Tests may be used as learning experiences when Ihey are c 
returned and discussed with pupils. Tests should be well balr'^ced to cover the o(?jeclives which are to be tested. Tests should 
be checked and returned so that the pupil gets immediate feedback. 

Evaluation procedures should provide the pupil with an understanuing of his progress and difficulties. Evaluations should be 
made often enough to direct 4he development of the curriculum for the fftdividual. 'Records should be kept in a foriii which 
clearly shows the progress of the pupil. 

l)he charts given here ate suggestions and only one strand has been used for illustrative purposes. The teacher, may wish to 
sub-divide the larger topics into specific concepts which can be taught in short time periods. The process of developing his 
owrvchai:s will help the teacher to determine the direction in which he 'plans to move and assess what he has accomplished 
when he checks the progress of the pupils. 

It is most important that the receiving teacher know at what level the pupil was performing at the end of the previous school 
year or at the time of transfer. For this reason, a cumulative record should be kept for each child. Thllfciart may be checked 
by recording at the end of the p^resentation of a strand or at the end of the school year. To facilitate the record keeping, the 
teacher will probably prefer to keep a class record and then transfer the information to individual records. By seeing tht class 
record as a whdle. the teacher can see the strengths and weaknesses of the total class. 

Records of individual pupil's progress should be kept in his cumulative folder and passed on to the next teacher. A chart 
should be made for each strand. (See Chart 1 Pupil Progress.) Charts ihould be made onSy" by 1 l" paper for easy fiHng.^ 

There are three levels of progress indicated for each child. The first levtl indicates only that the teacher has presented this 
concept to tlie child. The second level indicates that the child uses the copicept under directions. Tlie third level indicates that 
the child uses (lie conce[)t iiidependenily . 
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Grade 



SAMPLE 

Individual ^pil Progress Sheet 
^ts, Numbers, Numeration 
Upper Elementary Grades 



OBJECTIVES 



1. Tabulate and/or describe sets 

2. Pick out from a given set. subsets havwf-^^peuified common property 

3. Identify common properties of a given set 

4. Use the langu-agc of sets to describe and org an izcV formation 

5. Read and write large numbers utilizing the period n\ation 

6. Translate large numbers into expanded exponential fArm 

7. Demonstrate place value by using another system of n\laiion 

8. Identify so-called figuratc number, i.e. square numbe/s. triangular num- 
bers antj, rectangular numbers 

9. Use divisibility, tc»ts for various numbers and casting Jyt nines 

10. ^Namc the ordered' pair of counting numbers asst/iated with fractional 
' parts of (aV units 

(b) sets 

1 1. Discriminate between an ordered pair of whole numbers used in a rate 
context and an ordered pair of whole numbers used in a fraction context 

12. Name equivalent fractions (ordered number pairs) associated with equiv- 
alent parti tionings of (a^ units 

(bfscts 

13. Generate a finite number of members of the set of equivalent fractions 
to which a given fraction belongs ^ 

14. Determine if two ordered number pairs are equivalent to each other 

(a) by inspection of sets of equivalent number pairs 
(h) by using the test for equivalence 

15. Identify the point on the number line with which a given set of equiv- 
alent fractions is associated* ' 

16. Partition a set of fractions into mutually exclusive subsets according to 
whether each fraction 

(a) is 10 a decimal fraction 

(b) is noC^^tvalcnl to a decimal fraction 

17. Record fractions 

(a) in basic fraction form 

(b) in mixed numeral form 

(c) irr-decimal notation 

18. Find the c(^uivalent non tcnminaiing deciinal notalion for any ni)n- 
decimal fractiori using the process of approximations 

I*). Find within a specified margm of crioi. a decimal fraction and write in 
decimal notation 

20. Name the ordered pair of numbers which expresses ihe latio of rwo 
disjoint sets or the ratio of a specified subsei of a set to the given set 

21. Discriminate among the interpretations of oi^ercd number pairs as used 
in ihe context of fractions, of ratios and of quotients of whole numbers 

22. Slate the definition of rational numbers as an clement o( a m jthcmatical 
system 

:.V Identify and describe everyday situations ihat require the use of diret. tcd 
numbers 

24. Construci the set of opposites of die whole hun^bers and the opposites 
oi the (ippositcs which farm the set of integers 

25. Identify the following\ubsers of the set of integers 

"^'sel containing zero • 
set of pmiiivc integers 
set of negative integers 
the set of non-ncgaiivcs 
the set of non-positives 

26. Order any two or more given integers 



T**acher has 
introduce!^ 



Pupil shows 
understanding 
with guidance « 



Pupil can 

accomplish 

independently 



Chart ] 
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DIAGNOSTIC CLASS CHART* 



Name of pupil 



Sets 



c 

0 

E 
E 

0 
u 

.a ji 
c t; 

ft! a 



Whole Numbers 



Rational Numbers 



0 ^ 



0 j 



0 g 

\ 



Integers 



is ^ 



SI 



.2« 



.5 



3 Z 

u 0 



Ik 
0 

J 

Si 
3 



1^ 

2.S 



0 



I. Brown, Ann 



Chart 2 



♦A Diagnostic Class Chart with a sample of. objectives from some of the strands is given, A diagnostic chart with objectives for the year will help the teacher see the 
strengths and weaknesses of the class before beginning a strand. Such a chart could also be used as the teacher completes his presentation of material from each strand. 
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TEACHER SELF EVALUATION CHART* 

f — i 
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Pupil's ' 




























' > name 
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0 
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> y 
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Recognizes Isets 
and subsets 


!KQ ■ 

,.s 

h 


Recognizes union 
of two sets 


EHstinguishes betwe< 
finite and infinite se 


Writes and solves 
number sentences 


Uses number lines 


Records fltumbers 
in various ways < 


Uses properties in 
naming numbers 


Counts numbers 
torruUions 


.s • 

•S 0 
> S 


Counts in base 5 


Compares base 10 
and base S 


D.S: 


1. Bell.Ann 








,,1 










4 


' *[• 

, ) 








2, Cartcr/Suc 





























Chart 3 



•A teacher may desire to make small learning step analyses of his pupils. This chart is a sample of small steps one teacher selected for 
her sixth grade. 



i 



159 



ERIC 



151 



UTILIZATION OF MEDIA 

INTRODUCTION f 

^ The use of a variety of materiaJs can improve'^leaming^and instruction, since the individual needs of children vary and 
; / individual children learn by different means. These materiids help to stimulate new ideas and concepts enabling children to 
solve problems whose'solutions are as yet unlparned responses.^^A variety of media should be readily accessible. In planning 
and grganizing the housing of materials those often used an(} those occasionally used should be taken into consideration. 
This variety of media^hould include materials which are adaptable to each pupil's particular ability level. 

/ Many valuable teaching aids may be made inexpensively, and pupil participation in their construction serve as a learning 
activity. A number of b'qoks are available which assist one in making aids. A number of these aids are listed in the references. 

Many worthwhile, commercially prepared aids are now on the market. A special committee composed of those who 
d^fermine the purpose and method of instruction in the local school should pardcipate iathe selection of instructional 
materials. These instructional materials should be examined or previewed to determine their probable effectiveness in the 
situation where they are fobe used. Instructional materials in kits, packages and series should be thoroughly examined prior 
, * . . to approval of purchase. 

Audio-visual equipment can be used in various ways, and teachers shouldjbe alert to innovations in the use of all media. For 
■ example, the overhead projector may be used inr many ways ot|ier thaiTfor projecting transparencies. In the study of sets, 
collections of small objects may be placed on the overhead projector a(nd their shadows can ^asily be seen by all pupils. The 

^ tape recorder may be used in work with individuals or small-groups; it is especially helpful with the slow reader. 

^ \ ■ ■ ■ "^^ 

The Georgia Department of Education television network has regularly. schedul^ programs in mathematics at all levels of 
elementary school. These programs supplement and enrich the classroom teacher's presentation. Schedules and guides giving 
information on each lesson are available from the director of programming. 

y,.^ Fimis and filmstrips should be previewed and carefully selected before use in the classroom. The Georgia Department of ' 
Education publishes an up-to-date list of films and fdmstrips available through the Audio-visual Service. 

Magazines such as The Arithmetic Teacher dnd The Mathematics Teacher, publications of the National Councfl of Teachers 
of Mathematics, contain excellent articles for teachers. Many valuable books are available through the Georgia Department 
of Education Readers' Services of the Publk Library Unit and may be requested through the school or public librarian. 

The list of materials which follows is not meant to be all-inclusivg. These materials should be very useful, and teachers are 
f v^couraged to try many of them. The reference lists are limited and are annotated for the use of strands or subjects in the 
guide. The teacher may find these references useful in strands other than those for which they were annotarted as well as 
. references which are not listed. 

The instructional aids for use in ^the activities Of the strands are listed. 

Teaching practices involving various instructional materials should be carefully evaluated in terms of effective results. The 
infcyrmation relative to those materials whose use produces the most favorable results should be shared with teachers not 
only in the school system but with others. Provisions should be made for frequent revision of any locally approved list of 
instructional materials to allow fofdirletions and additions needed to update the curriculum. 

Materials on media that are available through the Georgia Department of Education, State Office Building, Atlanta, Georgia 
30334, and.the offices from which they may be obtained are listed below. 

^ Vie\ypoints; Instructional Materials - Selection at State 

and Local Levels, Suggestions for Use 

Director of Elementary and Secondary Education 

Catalog pfiplasstpom Teaching Filrns for Georgia Schools 
' Au<fio Visual Unit 

EKLC 



I bo 



Selected List of Books for Teachers . 

Director, Readers* Services, Public Library Unit 
Georgia Library List for Elementary^and High Schools ^ 

Director, School Library Services Unit' 
In-school television schedules and guides for educational television 

Director, Television Programming 

Georgia Educational Television 

Georgia DepartrnTnt^tfr^ducation 

1540 Stewart Avenue, S. W. 

Atlanta, Georgia 30310 
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REFERENCES 



Abbott, Janet S., Leant to Fold - Fold to Leam. Chicago: Lyons and Carnahan, 1968. 

A pupil workbook about reflections; teacher's edition available also. 

, Mirror Magic, Chicago: Lyons and Carnahan, 1968, 

A pupil workbook about reflections and symmetry; teacher's edition available also. 

Association of Teachers of Mathematics , Notes on Mathematics in PTpnary Schools, Cambrid^|^niversity Press, ^1968. 

. Suggestions- and lessons written by teachers for primary teachers use.'TTiis book is available from 

Cuisenaire Company of America, Inc., New Rochelle, New York. 

/ 

Banks, J. Houston , Learning and Teaching Arithmetic. Boston: Allyn and Bacon, Inc., 1960. 

Several chapters have suggestions related to difficulties with computation. 

, BendicK, Jeanne and Levin, Marcia, Mathematics Illustrated Dictionary. Ne5V York: McGraw-Hill Book Co., 1965. 

This book is a student dictionary containing many of the terms as they are used in the guide. It also 
^ ' ' contains diagrams and pictures helpful to children. . . _ 

- ■ ■"■ • ' ' ■■ 1 ■ ■« . , ' • ■ ■'■ 

heTgbx,M^\^ir\, For Good Measure: T^e Story of Modem Measurement. New York: McGraw-Hill, 1969. 

Interesting )and httie-known facta about th^ development of systems of measurement, the importance of 
; ■ V' ■ p^cije measurement in science and industry and the many way? that measurement is used subcon- 
sciously. 

< , ■ ■ ■ ' ,^ 

Bloom, Behjamen, ^t. al.. Taxonomy of Educational Objectives. Handbook I: The "^Cognitive Domain. Ne\y Vork: David 
McKay Co.,>l 956:- 

* A help witJi making and interpreting tests. / 

/ 

Bowers, Henry and J o^. Arithmetic Excursions: An Enrichment of Elementary Mathematics. New York: Dover Publications, 
Inc., 1961. . , ^ . , 

Chapter 18 contains interesting information about figurate nurhb^fs, perfect numbers and amicable 
numbers. 

■ ■>''■ ' , . " 

Brumfiel, C. F., Eicholz, R. E., ^d Shanks, M. E., Fundamental Concepts of Elementary Mathematics. Reading, Massa- 
chusetts: Addison -Wesley Co., Inc., 1962. 

A book in niathematics for teachers; provides background material for"^ome concepts of geometry ^nd 
other^oncepts of the guide. 

Buros, O. K., The Sixth MeritaL Measurements Yearbook. Highland Park, New Jersey: Gryphon Press, 1965. 
A help with making and interpreting tests. 

Cambridge Conference, The, Goals for the Correlation of Elementary Science and Mathematics. Boston: Houghton Mifflin 
Co., 1969. ^ 

This book for teachers includes the development of relations and functions. The importance of appli- 
cation of the equivalence relation is emphasized. 

Copeland, Richard W., How Children Leam Mathematics. New York: The Macmillan Co., 1970. * 
This book emphasizes how children learn mathematics, rather than techniques of teaching elementary 
school mathematics. The role of the teacher is suggested to be that of a skillful iaterviewer. Illustrations 
\ show the teacher how to use laboratory or manipulative materials wliich help the child learn mathe- 

matical concepts at a concrete operational! level. 



D' Augustine, Charles U., Multiple Me th(xis of Teaching Mathematics in the Elementary School, New York: Harper and Row 
1968. _ 

The book involves prospective teachers in the creation of exercises that can lead children to mak^ 
discoveries of various number patterns and problems to lead to mathematical discovery. Many methods 
of presenting'and using principles are given. 

Davis, Robert B., Explorations in Mathematics. Palo AJto: AddisonAVesley Publishing Co., 1966. \ 
Reference for the teacher. This book is especially hjilpful in providing activities on functions. ' 

Dienes. Zolton.P. and Golding, E. Exploration of Space and Practical Measurement, New York: Herder and Herder, 1966. 

• YThis book is a teacher's guide for developing geometry and measurement in the lower grades. Children 
. '^^^ introduced tCi^these topics by means of games of reflections, fuming and measuring by using 
• . arbitrary units and later standard' units. 

Geometry of Congruence. New York: Herder and Herder, 1967. 

A booklet for teachers describing activities for pupils on reflections, rotations and translations. 

, Geometry of Distortion, New York: Herder and Herder, 1967. 

A book for teachers describing activities for pupils on topological equivalence and stretches and shrink- 
age. • . 

: Grmpsand Coordinates. New York: Herder and Herder, 1967. 

For teachers; describes activities for graphs. 

.Learning Logic; Logical Games, New York: Herder and Herder, 1966. 

This book gives the teacher, through narrative diagrams, directionW^or pupil activities with attribute 
blocks. I 

\ Sets, Numbers, and Powers. New York: Herder and Herder, 1966. 

A reference for the teacher; this booklet contains .activities leading to an understanding of sets and 
numbers. 



Pi<n<^afl'' EfA<^^^v aqd/'Quast. W, G., Modem School Mathematics Workbook for F.lemcntarv Teachers Boston' Houeliton 

- . Prbvide^Sra;:fliQj;ough treatise of mathematics needed by the elementary teacher through explanation, 

l ' ^ questionin'gVands'ddll • \ 

Ebel, K, L,, Measuring Educational Achievement. Englewood Cliffs, New Jersey: Prentice-Hall, 1965. 
'i . A help with making and interpreting tests. 

Elementary Science Study, Educational Development Centc^r, Attribute Games and Problems. St. Lou i^^eb^ter Division 
McGraw-Hill Co., 1968. ^ 

A variety, of materials with teacher's guide for developing skills in problem solving, especially developing 
• : skills in classifying and setting up relationships between the classes. 

Fit/.gerald, William, et. ai., Laboratory^ Manual for Elementary Mathematics. Boston: Prindle, Weber and Schmidt Inc.. 1970. 

An excellent reference for the teacher; this manual establishes a discovery approach for elementary 
teachers to find solutions to problem.^ using many mathematical manipulative materials. 

Ford Motor Company, History of Measurement . Dearborn, Mich.: Research Division. 

This booklet gives historical development of measurement. 

General Motors, /Vrw^H A Measure of Progress. Detroit, Michigan: General Motors Corporation, 1952. 
: Tliis Booklet gives histoncaJ development of precision of measurement 
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Glennon, Vincent J., and Cal':ihan, Leroy G., Guide to Current Research, Elementary School Mathcmatk^s. Wushington: 
Association for Supervision aiid Curriculum Development, NEA, 1968. 

Gives, the teacher a ready reference to, re*search pertinent to the field of mathematics as'applicd to 
elementary schools. 

Grossnickle, Foster^ .E,,.Brueckner, Leo J. and 't<<Q^ZQ\\, lohn. Discovering Meanings in Elementary Sch:)ol Mathematics: Fifth' 
•edition. New Yorl<: Holt, Rinehart andWin^.tori, Inc., 1968. \ 

Illustrates how the basic principles of learhihg are applied in presenting a given Uopic. Gpeat^^tress on 
structure a"s, the dominant.themei n^.eleincnlaiY.^[nathernatics.. 



Hasford, Philip L,, Algebra for Elementary Teachers, New York: Harcourt, Brace and'Wbrl5l,.lnL^^ 1.968. 
^ ■■ ■ This bcK^k helps the elementary teacher understand operations in algebrdidjernTi^ 

Vieinke.Qhrencc, Eundamental Concepts of Elementary Mathematics. Encino,Cal.: Dickinson Publishing Co., inc., 1970. 

The chapter entitledLtjAlgorithms of Elementary Arithmetic" has helpful suggestions on computation. 

Hoghen, Lancelot, The, Wonderful World of Mathematics. GardenCity, N. Y.: Doubleday, 1955. 

The development of mathefrjatics through the ages is de^qribed in-story and pictures. 

Hartung, Maurice L., and Walch, Ray , Geometry for Elementary Teachers. Glenview, Illinois: Scott, Foresmanand Co., 1970. 

A book for teachers which- explains certain geometric relations; the basic constructio^ns; and reflectio^, 
rotations, translations and stretches. , , 

Horne, Sylvia, Af.^aAT7/A7j^ A/^flweA^ief/r, Chicago- Lyons and C^ahan, 1968. ^ ; 

A book of student activities in measurement.'* ' - ^ ^ 

Huff, Darrell, How to JAe with Statistics. New York; W. W. Nortoi. and Co., Inc., 1954. ^ 

This book could be used as interesting reference material for the teacher.;. " . . * 

. * .. 

Johnson, Donovan A . Glenn, William H. and Norton, M. Scott, Exploring' Mathematics on Your OwK St. Louis, Missouri: 
Webster Publishing Co., 1960. ^ 1^ ' ?^ ' ' 

These 18 booklets are readable sources for teachers. There ar6 directions fofj;^ numerous fetivitiesi*/hich 
illustrate specified relations. The booklets may be purchased separately. Sorhe of the titles are Topology 
The Rubber Sheet Geometry, The World of Measurement, Curves in Space, Pythagorean Theorem, 
Geometric Constructions, Probability and Chance, The World of Statistics. 

Johnson, Donovan A. and Rising, Gerald K., Guidelines for Teaching Mathematics. Belmont, Cal.: Wadsworth Puhli3hing Co., 
Inc., 1967. * - 

The chapter "Developing Copiputational Skills," has sug^stions for overcoming difficulties in computa- 
tion, and the chapter, ''Evaluation of Achievement," has suggestions on various types of evaluation. 
, Other chapters deal with basic techniques and materials. An excellent sourcebook for the teachers. 

Kennedy, Leonard M., Models for Mathematics in the Elementary School. Belmont, Cal.': W;id$^orth. Publishing Co., Inc., 
1967. 

This book has descriptions of many aids to make and use in teaching different topics in elementary 
mathematics. 

Limi. Charles F., Fu::lcs, Patterns, and Pastimes from the Work! of Mathematics. Garden City, "N. Y.: Doubteday; 1 969. 

Pu/./les and mathematical games, both ancient and modern, to test the skill' of the reader and to^ 
stimulate him to invent similar ones. 

Mann, Williani ot. al.. }fi'asurcs. Columbus, Ohio: Charles I;. Merrill Publishing Co., 1968. 

This bi)i)klet is one of the Independent Learning Series. It inchjdes historical development in measure- 
ment and exercises for pupils. , ■ • 
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M;irks. Joiiii I... Purdw Ruhaul ;iik1 Kinney, l.uiien B., l\'athini^ l\icmcntary ,Sch(H>l Mathenniiics for Undcrsfanding. Second 
hditiiHi. New ^ (uk: McCiraw-IIiJl BoDkTo. J ^)65. 

Cliapier six has <?t)ine suggestions for teciuuc|iiei> for fixing skills. 

NkMton. i:ida L. and May. Lola June, Mailwrnancs Backgnnind for die Prunarv Teacher. Wilniette, III.: John Colburn 
. Associate^ li^c.. 1 

A roterence tin leachers of K-3. Tlie prosenlation is, in the form of charts with explanations of eighteen 
lopics taughi at the [)riinary level. 

Muollei . f iancis J.. , l/7^/////67/r. IfsSfmcfurc mid (\>nrcpfs. Second fiduioti. Iwiglewood Cliffs, N. J.: Prentice Hall Inc., 1^)64. 

( hajMors two and three have extensive discussions of direct operations and inverse operations. 

Naiional .Aeronautics and Space AL^«iirustration and U. S. Office of lulucation, H'luif's Up There: Teacher.s' Fdition. Washing- 
iiMi. I). (\: S. Covernnient Printing Office, 1^)64. 

A source, book in space oriented mat hematics fc)r grades five through eight. 

National Council (^f Teachers of Mathematics. 1201 Sixteenth Street. NVV, Washington. D. C, 20036 

lids fnr l'v(ih(Lif< Ts of Miifhcffhr s Te.\ fh'ooks, 1^)65. • 

A set ot criteria t^. d elementary and secondary teachers in selecting textbooks: pamphblf^ 

■ /{oxes. S./inires^ and Ofher Thini^s A Teacher's (hiide f)r a Unit in Infirtnal (k'onwfrw 

l\xp|riences for pupils in visuali/.mg objects and in the concepts of transfoi mations and symmetry. 

I vuhhifton in ^'uheniafics. Twenty-sixth Yearbook, 1^^6l. 

\ iiscussion ol and suggestic)ns for evaluation of mstruction , 

I'.nru luncnt MathcnjiUH \. 1 ^'^entv -seventh Yearhot)k, Second lulition. M)63. 

Vei\ briel discussion of tt)pics pertinent to elementary school including rationale and appropriate 
t activities. 

■ " I-Xinrieni cs in Mafiienuifical Ideas, Vo\. \^)70. 

IX^signed to help teachers stniiulale slow learners m grades 5-S. This project combines a text for teacher 
use with laboratory oriented package including loosedeaf materials i >e duplicated tor student work, 
sheets. 

,. JCornudas, (iraphs. and Paf ferns: h.xpertcnccs in Mafheniafical Discovery; 1 , 1966. 
..'^ . ..-^ I>^S£jibes aa.UfvHies for pupils; paniphle I 

■ ^ /\- /'.'-^^^^^^^^ 4. 1966. 

.-'-^^^ *• ^ ^^^^^^^^ jr) ^ 

]^j^:r'f^^^ Tweiuydourth Yearbook, 195^)^ 

"^^^^^'^^ ' \^ .. ^^^^^^^\^^y niathematics currici/um including sections" on ^'F^atiodike Numbers," ^^F-ractions as 

" ' •^r ' .-^^^TCy^'l^iil'S of Numbers" and ''Umguage and Symbols." 



^../"^ ^ //rv7nrf//|^/ii^^^ Twenty-fitjh ^vMrbook, |9oi. 

■ ; ' . ' on\-om[nitation. Provides background for teaching any modern elementary school 

''^J^/t ^''^^r;,^™'*^")^^^ program. 

y. "ig^V*^^^^^^^^^^^ liibrarv^ ''Idenwnfar v and Jiinn >r Ifi^h Scho< >/, 1 9(^S . 

:T^^-~*^-M'* . .mnotated hil^hogiapliv o( eiirichnient hooks for grades K-9, classified by grade level 

r^'^^ Maihenhuu sf^r I'denienfary S( h(U>l Teachers. I hritieth Y earbook, I 969'" 

i.':.-^ ; ' rius book provides bacH^ronnd mforination for 1 eachers on the key i)riuciples of^ mathematics. 

\ ''[..ii^s^t: Mafhcniiifies Clap, 1 957. 



• .- " Directions foi pa[)er^V>lding activities which illustrate selected geometric relations 



Readings in Geometry from- *The Arithmetic teacher, ** 1970. 

A booklet of articles containing suggestions for classroom activities. 

Topics in Mathematics for Elementary School Teachers. Twenty-ninth Yearbook, 1964. 

♦ Gives the key principles for an understanding of the major topics. One chapter on the rational number 
system deiils with various interpretations of rational numbers as well as the numeral forms- fractional, 
decimal and mixed numerals used to repri^nt rational numbers. A chapter on sets includes basicjdeas 
on relations. Or^^ chapter gives a thorough discussion of number systems for whole numbers and rational 
numbers. 

uttleld Mathematics Project, Teachers' (iuides: Computation and St nic Hire, Graphs Leading to Algebra 'and Shqpe and ^Size. 
New York- John Wiley and Sons, Inc. 

The teachers' guides are lor elementary mathematics activities designed to en couragl>. children to discover 
malliemalical processes for themselves. Tlie material is written in three main streams stated above. Efffch 
stream is written in a number of booklets iiyjic stages of development of children. 

Ove rm an V James Rt^bert, 77r' Teaching i>f Mathematics. Chicage: Lyons and Carnahan, 1961. 

riiapiers S- 1 5 give suggestit)ns on teaching addition , subtraction, fractions and denominate numbers. 

Papy, \ xin\cx\^\\\<: ,(rraphs and the Child. Montreal: Algonquin Publishing Co., 1970. 

A description o\ a series of ten lessons t)n graphs for six-year-olds helps the niathematical notion of relation to emerge. 

A description of a series c)f ten lessons on graphs for six-year-olds helps the mathematical notion of 
relation to emerge. . : 

Peterson. John A. ai^d Hashisaki, Joseph, Thcorv of Arithmetic. New York: John Wiley fuid^Sons, 1967. 

Rationed numbers are treated i^j^ terms c)f several inter.pretatic)ns, including both the fractions and 
rate-pair interpretations, which are appropriate to the elementary school curriculum. 

Phillips. Jc) M. and Zwoyer. R. F:., Motion Gcotnetry, Book I ■ Slides, Flips, and Turn icw York: Harper and Row, 1969. 

A pupil workbook about translations, reflections ant' vuaiiwj.^ teacher's edition, containing helpful 
notes, available. For .students in the upper grades. 

Riedesel,C. \ldn. Guiding Discovery in Elementarjf School Mathematics. Ne York: Ap:-ieton'Century-C,rofts, 1967. 

This book provides prospective and inservice elemental -hi' -cachers with illustrative situations that 
make use of modern mathematical content and ideas to develop a guided discovery approach, to teaching 
niathematics in the elementary school. 

Sanders, N. M., Classroom Questions: What Kinds'^ Yotk: Harper and Row, 1966. 

A help with making and interpreting tests. * 

School Mathematics Study (iroiip, A. C. Vroman, Inc., 2085 E. Foothill Boulevard-, Pasadena, California, 91 109- 

Factors and Primes. 1965. 

A book w^ntten for high school students: a got)d reference for the elementary school teacher. A teacher^s 
commentary is available, ' 

■ MatJu*matics for the Flcmentary School, 1962. 
" -'X This bc)c)k tor elementary school mathematics includes student exercises in measurement, 

\'\ Alatfiematicsf)r Junior High School, Volume I, Parts 1-2; Volume II, Parts 1-2, 1961. 
V, J^\^ Til is bo.ok tor junior high schools includes student exercises in measurement, 

~ introduction to l^ohabihty , Tart I, Basic Concepts, 1967. 

^' ■ This is. excellent material that is appropriate for classroom use in grades 1-8. 

Introduction to I^ohahilitv, Part 2. Special Topics, 1967. 

This ifs excellent material appropriate for use in the classroom in the upper elementary grades. 
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Probability for Primary Grades. 

This booklet is for student use. A teaclicr*s commentary and a set of spinners for the cl2<isr()om are 
available. , . 

Probability for kitermediate Grades. 

_ This booklet is for student use. A teacher's commentary and a set of spinners for the classroom are 

available.' 

■ ■ y Secondary School Mathematics, \970. 

i This material is nongraded lor low achievers in mathematics in junior high school. 

Starr, So\m U., The Teaching of Mathematics in ihc l-lcnwntarv Schools. Scranton. Penn.: International Textbook Co., 1969. 
]. 4 ' ^^^^ emphasizes wliy and ho\^ various mathematical principles and concepts operate, and provides 

y^^^^ ^^achers with proven jintl class-tested tb'chniques to help implement learning cuf epts. 



'Robert L, Understanding A rtthmcfic. RiivisQ^^^ D. Nichols. Nev\A.^ork: Holt, Kmohart and Winston Inc 

. r . Two chptgrs give. sug)^;c!f!ifons on computations with directed numbers and the complement method of 

^ sub^ipiftion. (>>j^,^hjpter on nuMiber thet)r;/ includes a discussion on divisibility. ' 

.TPhprndike,4> L- and Ha|en, E}izafeettti>/(Y;,v//A-(7// and Evaluation in Psychology and Education New' York- John Wiley 
:4Seconxi Editiori)vl9^, . ^ - . ' ^ 

Torrance, E. Paul and Myers, Creative Lcanuni^ and Teaching. Chapters 7.8. New York: Dodd, Mead, 1970. 

^, ' ■ , A help with making and interpreting tests. 

prner. Ethel M.. Teaching Aids for Eknicntarv MathcnuiUcs^ New York: Holt, Rinehart and Winston, Inc., 1966. 

Tliis IS a source bc)ok for leachers, including many activities for students. The activities using coordinates 
are iiscfuL 

VanEngen,Henty.et.al../;;///^A;//r7/s rV/ /(v//(7//^;^r:SV/^>(W.-lm^^ Chicago: Scott Foresman and Co., 1965. 

An e.xcclleiii retercncc widi pro[)cr balance between a precise formulation of mathematical concept's and 
an,intornial picsentation oi the content. In the chapter on relations, the study of ordered nurhber pairs 
IS begun m the cunte.xt of raie pairs. In a iatef chapter the study of ordered number pairs is continued in 
tfie context ot tra^ctit)ns. A set of equivalent fractions is called a rational number of arithmetic. The 
various nuincial forms are (icaied under computation involving rational numbers. 

Wilhelms. Fred T., Evaluatinn as led hack an.! i,uuic. Washmgton: Association for Supervision and Curriculum Develop: 
rfietit. NFA. 1^)67. ^ 

Stresses the idea that the Iccun^.k Ii.mm evaluation controls the next steps and should be based on the 
objectives. 

Wisner, Robcii,/! Panorama of Number. Glenview, 111.: Scott Foresman and Co., 1965. 

The author has employed a. unique writing style Wiiit4l^s interesting. Many^ interesting observations are 
made concerning prime numbers. ' ^f' 

IJ. S. Department of Health. Education f^nd Welfare. Elementary Arithmetic and Learning Aids. Washington DC US 
Government Printing Office, 1965. ' • . 

Tliis book has descriptiori^^f aids to make and use in elementary mathematics 

'^[■^ • . > ■ 
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4 



Bags, plastic-assorted sizes 

Beads to string 

Boxes, assorted sizes 

Cards, assorted colors 

Cards, decks of Old Maid, Rook, etc. 

Chalk, assorted colors 

Coins, real or play 

Clocks, play % 

Cl.pthespins 

Compasses 

Construction paper, assorted colors 
Counters (bottle caps, cardboard discs) 
Crayons 

Cubes, assorted colors ^ 
Dowel rods 
Egg cartons 

Elastic thread, assunod colors 
Flannel board and tlannel cutouts 
Geoboard 
Graph paper 

bulletin board size 
individual size 
Logic blocks 
Macaroni shells 
Maps 

Me\er sticks 
Mirror cards 
Multibase blocks 
Nails, one size 
Number lines 

walk-on (first grade) 
chalkboard size 
individual size 
whole numbers 
fractions 
integers 
Objects 

small, for sets 
different colored 



Overhead projector 

transparency paper 
Paper clips 
Paper cups 
Paper roll 
Paper, squared 

assorted sizes 

gboard and pegs 
\ lace value charts 
Polyhedra models, regular 

made of cardboard or plastic 
Ribbon, assorted colors 
Rubber bands, assorted sizes 
Rulers, foot 

unmarked 

marked in inches 

marked in fractional parts of inches 
Sampling box , 
Sampling ladle 
Scales 
Scissors 
Spiruiers 

two-colore(;i 

more than two colored 
Sticks for bundling 
String 

Thermometers 
Fahrenheit 

Centigrade (Celsius) , " i*' ■ 

Three-dimensional shapg^^th flat surface 
Two-dimensional shapes for ^'tiling" 
Spoons, plastic 
Sugar cubes 

Tape measures, including steel tapes 
Tea 

Washers or counting rings of one size 
Yardsticks 

Yarn, knittings assorted colors. 



160 



ERLC^ 



GLOSSARY FOR TEACHERS 



^9 

ERIC i ^ >^ 



GLOSSARY FOR TEACHERS 



The purpose of the glossary is for clarification of terms for the teacher and is not to be used for pupihF? Each teacher should 
have a reputable student mathematics dictionary for use by the pupils. 

ABSCISSA If the ordered pair of numbers (a,b) are the coordinates of a point of a graph, the number a is the abscissa. 
ABSOLUTE ERROR One-half the smallest marked interval on the scale being used. 

ABSOLUTE VALUE The absolute value of the real number *^s demoted by \ a |,If > OtMii | a | = flandif 
< 0, I a I = ~a. On the number line absolute value is the distance of a point from zero. 

ACCURACY The accuracy of a measurement depends upon the relative error. It is directly related to the number of 
significant digits in the measured quantity. 

ADDITIVE IDENTITY The number / in any set of numbers that has the following property: / + a = a for all a in the set. 
The symbol for the identity is usually 0; in the complex nun^bers it |§ 0 + 0/, and in some systems bears no resemblance to 

zero.- ^ I'f"' " , . 

ADDITIVE INVERSE For any given number in a set of numbers the inverse, usually designated by (-a) is that nun^r 
which when added to a will give the additive identity. 

ALGEBRAIC EXPRESSION An algebraic expression may be a single numeral or a single variable; or it may consist of 
combinations of numbers and variables, tpgether with symbols of operation and symbols of grouping. 

ALGORITHM (ALSO ALGORISM) Any pattern of computational procedure, 

AMPLITUDE The amplitud6 of a trigonometric function is the greatest absolute value of the second coordinates of that 
function. For a complex number represented by polar coordinates the amphtude is the angle which is the second meiriber of 
the pair. 

ANGLE The set of all points on two rays whiih have the same end^point. The end-point is called the vertex of the angle, 
and the two rays are callied the sides of the angle. 

ANGULAR VELOCITY The amount of rotation per unit of time. 

APPROXIMATE MEASURE . Any measure not found by counting. ^ 

APPROXIMATION The method of finding any desired decimal representation of a number by placing it within succes* 
sively smaller intervals. 

ARC If A and B are two points of a circle with P as center, the arc is the set of points in the interior of L APB on 
the circle and on the^gle. • 

AREA OF A Surface Area measures the amount of surface. 

ARGAND DIAGlS^M ' Two perpendicula?<|bces, one which represer^ls the real numbers, the other the imaginary numbers 
thus giving a frame^f reference for graphmg.the complex numbers. These axels are called the real axis and the imaginary axis. 

ARITHMETIC M^BANSj^'* llie terms that should appear between two given terms soUTaTall the terms will be an arithmetic 
sequence. W -f-^ 

■ ■ ■ 

ARITHMETIC SEQUENCE (ALSO PROGRESSION) A sequence of numbers iii which there is a common difference 
between any two siicceSjivJl nun0>crs. . 

ARITHMETIC SERIES The indicated sum of an arithmetic sequence. 

ARRAY A rectangular arrangement of elements in rft'^j^finc} columns. 
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ASSdclAtfVE PROPERTY basic mathematical concept that the .order n which certain types of operations are 

performed does not affect the result. The laws of addition and multiplication arestated as (a i + c - a + (b + c) and 
(a X b) X c ^ a X (b X c). . * ^ ^ ^ 

ASYMMETRIC Having no point, line or plane of symmetry. 

AVERAGE A measure of central tendency. See mean, median and mode. 

AXIS OF SYMMETiJY ^ A line is called an axis of symmetry for a curve if it separates the curve into two portions so tha^ 
every point of one^arti6n is a mirror image in the line of a corresponding point in the other portion. 

BASE The first collection in a number s^«ies which is used as a special kind of one. It is used in combination with the 
smaller numbers to form the next number in the series. In the decimal system of numeration, eleven, which is one more than 
the base of ten, literally means ten and one. Twenty means two tens or two of the base. In an expression such as/', the 
quantity a is called the base and n the exponent. 

BASE OF A NUMERATION SYSTEM The base of a numeration system is the number of units in a given digits place 
which must be taken to denote one in the next higher place. 

BASE TEN A system of numeration or a place-value arithmetic using the value of ten as its base value. ^ 

BASIC F/CTS The name given to any operational table in a base of place-value arithmetic, as, basic addition tables, 
subtractioa tables, multiplication tables, division tables, poWer tables, logarithmic tables. Basic addition facts include all 
addition facts in which neither of the addends exceeds 9. Basic subtraction facts include all the subtractions facts which 
correspond to all basic addition facts. The products formed by ordered piirs composed of the numbers 0 through 9 are 
called basic multiplication facts. B^sic division facts include all the division facts which correspond to the basic multipUcation 
facts except for a X /?= r where /? =?^0. 

BETWEENNESS B is between^ and Cif^, B and Care distinct points on the same line andAB + BC-^AC. 

BIAS^ When the method of selecting samples does not satisfy the condition that every possible sample that can be drawn 
has an equal chance of being selected, the sampling process is said to be biased. 

BINARY OPERATION An operation involving two numbers such as addition; similarly, a unary operation involves only 
one number as **the square of.'' 

BINARY NUMiERATlON SYSTEM A system of notation v^th base two. It requires only two symbols, 0 and 1 . 

BOUNDED A point set 5 is bounded if and only if there is a circle (or sphere in 3-space) such that S Ues entirely in the 
interior of that circle (sphere). 

CARDINAL NUMBER If two sets can be put in one-to-one correspondence with each other, they are said to have the 

C§ame cardinal number. A whole number which answers the question of how many in a given finite set is called the cardinal 
number of a set. 

-A 

CARTESIAN COORDINATES In a plane,W elements of ordered pairs which are distances from two intersecting lines. 
The distances from one line is measured along a parallel to the other line. 

CARTESIAN PRODUCT The Cartesian product of two sets^ and B, written .4 X^and read "X cross 5** is the set of all 
ordered pairs (x, y) such that x € A andy € B. 

CELL The union of a simple closed surface and its interior. 

CENTRAL TENDENCY A measure of the trend of occurrences of an event. 

CHECK To verify the correctness of an answer orifolution. It is not to be confused with prove. 

CIRCLE The set of points in a given plane each bfvhich is at a given distance from a given point of the plane. The given 
point is called the center, and the given distance is called the radius. ^ 
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CIRCULAR FUNCTION . A funclion whicli associates a unique point with each arc of a unit circle (as measured from a 
fixed point of the circle). The sine fiinction associates with the measure of an arc the ordinate of its companion-pcrirTt and the 
cosine the abscissa of tiie point. 

CIRCUMFHRENCF: The length of the closed curved line which is the circle. 

tLOSED CURVI-: (SIMPLF) A path which starts at one point and conies back to this point without intersecting itself 
represents a simple closed curve. 

CLOSURF:, PROFFRTY OF A set is said to have the prop^ty of closure for any given operation if the result of 
performing the operation on any two nieinhers of the set is a number which is also a member of the set. 

COLLECTION I'leuicnts oi objects united from the viewpoint of a certain common property ; as collection of pictures, 
collection of stamps, nuinbers, lines, [)ers()ns, ideas. 

COMBINATION A coinbmation of a set of objects is any subset of the given set. All possible combinations of the letters 
a. b and c are a, b, c, ab, ac, be, abc." 

COMMUTATIVE PROF^ERTY A basic mathematical Concept that the order in which certain types of operations ard 
performed does not affect the lesuli. .Addition is commutative, for example, 2 + 4 = 4+2. Multiplication is commutative^, for 
example, 2X4 = 4X2. : V 

COMPASS (OR COMPASSES) A tool used to construct arcs and circles. -. • 

/ 

COMPLEX FRACTIC^ . A tract ion'lliat has one or more traction^ in its numerator or denominator. 

COMPLEX NUM BER Any number ot' the lorm a + /h where a and h are real numbers and = - \ . 

COMPOSITE NUMBER A counting number which is divisible by a smaller counting number different from 1 . 

CONGRUENT Two configurations wIulIi are such tfiat when su[)enmposed any point of either one lies on the other. 
Two figures having the same size and sliafxv 

CONJUGATE COMPLEX NUMBERS The conjugate of the complex number a + bi is the complex number a - bi. 

CONJUNCTION A statement consisting ot iwo suiements connected by the word a/ic/. An example is Jc + v =7 
and X - y ~ 3. The solution set for a conjunction is the intersection of the solution sets of the separate statements. 

CONDITIONAL EQUATION An equation that is true for only certain values of the variable, for example, Jc + 3 = 7. 

CONIC, CONIC SECTION The curves which can be obtained as plane sections of a right circular cone, 

CONSISTENT SYSTEM A system whose solution set contains at least one member. 

CONSTANT A particular member of a specified set. 

COORDINATE PLANE A plane whose points are named by ordered pairs of numbers which measure the distances frbm 
two intersecting lines. Each distance is measured trorn one hne along a parallel to the other hne. 

I ' 

COTEI^INAL ANGLES Two angles vvhich have the same initial and terminal sides but wliose measures in degrees 
differ by 360 or a multfj^'le of 360. > 

COIWTABLE In set theory, an infinite set is countable if it can be put into one-to-one correspondence with the natural 
numbers, 

COUNTING NUMBERS The counting numbers are 1,2. 3. 4, . . . 
CONVERGENT SEQUENCE . A sequence that has a limit. 
DECIMAL EXPANSION . A digit for every decimal phice. ^ 
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DECIMAL f^RACTION A decimal fraction is a fraction in which the deaominator is a power of ten. The fractions ^, 
, — , etc. are deeimial fractions but is not. 

100 1000 3 

DEDUCTIVE REASONING The process of using previously assumed or known statements to make an argument for 
ne^statements. 

DEGREE In angular measure, a standard unit that is of the measure of a right angle. In arc nteasure, one of the 360 
equal parts of a circle. 

DEGREE dF A POLYNOMIAL The general polynomial ^^;c'^ + ^^;c'^ + . . . + U is said to be of degree n if 

DENOMINATOR The lower term in a fraction. It names the number of equal parts into which a numb(|^ to be 
divided. ^ 

DEPENDENT LINEAR EQUATIONS Equa^l'om that have the same solution set . 

DEVIATION The difference between the particular number and the average of the set of numbers under consideration is 
the deviation.' 

DIFFERENCE The answer or result of a subtraction. Thus, 8 - 5 is referred to as a difference, not as a remainder. 

DIGIT Any one ofjhe ten symbols used in our numeration system - 0, 1, J!, 3, 4 5 6 7 8 9 (from the 
Latin, "digitus," or 'Tinger"). \ 

DIHEDRAL ANGLE The set of all points of a line and two non-coplanar half-planes having the given line as a common 
edge. The Ime is galled the edge of the dihedral angle. The side or face consists of the edge and either half-plane. 

DFRECT VARIATION The number v vanes directly as the number ;c if>' = kx whe;e k is a constant, 

DISC The union of a simple closed curve in a plane and its interior. 

DISCRIMINANT The discriminant of a quadratic equation ax^ bx c = 0 \s the number ~ 4ac. 

DISJUNCTION A statement consisting of two'^^tatements connected by or, for example, x y = 7 or x - v =3 The 
solution set of disjunction is the union of the solution sets of the separate statements. 

DISTRIBUTIVE PROPERTY Links addition and multiplication. Examples of distributive property are as folkms. 

3 X 14 = 3 (10 + 4) = (3 X 10) + (3 X 4) = 30 + 12 = 42. 

4 X 3f = 4 (3 + i-) = (4 X 3) + (4 X -1) =. 12 + 2 = 14. - 
a ib c) = ab ac. 

DIVERGENT SEQUENCE A sequence that is not con\r&rgent. ■ 

DIVISIBLE An integer a is divisible by -an integer b is and only if there is some integer c such that b Xc ~a. 

DIVISION The inverse of multiplication . The process of finding how many times one quantity or number is contained in 
another. For any real numbers a and b. b ^ 0, a b means a multiplied by the reciprocal of b. Also, a ^ b = 
if and only '\{ a = be. 

i 

DOMAIN OF A VARIABLE The set of all values of a variable is sometimes called its domain. 

DUODECIMAL NUMERATION SYSTEM A system of notation with base twelve. It requires twelve symbols -01^ 
3,4,5,6,7,8,9;T,E. ^ / . . 

ELEMENTS Xf\ mathematics.the indivftlual objects included in a set. 

EMPTY SET The set which has no elements. The symbol for this set is 0 or| | . 

END POINT The point on a line from which a ray extends is called the end point of the ray. 
' .165 , ■ 
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EQUALITY The relation is equal to denoted by the syinbol " =.** 

EQUATION A sentence (usually expressed in symbols) in which the verb is **is equal to." 

EQUIVALENT EQUATIONS Equations that have the same solution set. 

EQUIVALENCE RELATION Any relation which is reflexive, symmetric and transitive, for example, reflexive: a = a; 
symmetric: if = 6 then = and transitive: if = and = c, than = c* .. 

EQUIVALENT FRACTIONS Two fractions which represent the same number. 

EQUILATERAL TRIANGLE A triangle whose sides have equal length . 

ESTIMATE A quick and frequently mental operation to ascertain the approximate value of an involved operation. 

EVEN NUMBER An integer that is divisible by 2, All even numbers can be written in 'the form 2n, where n is an integer. 

EXPANDED EXPONENTIAL FORM The^ expanded exponential form of a numeral is the form in which the additive, 
multiplicative and place value properties of a numeration system are explicitly indicated. The value of each place is written in 
exponential form, for example, 365 = 3(10^) + 6(10^) + 5(10°). ' \ 

ft • 

EXPONENT In the expressionon a" the number n is called an exponent. If a? is a positive integer it indicates how many 
times a is used as a factor. 

'a" = a^X a X ... Xa ^ . 

n factors 

Under other conditions exponents cafn include zero, negative integers, rational and irrational numbers. 

EXPONENTIAL EQUATION An equation in which the independent variable appears as an exponent. 

EXPONENTIAL FUNCTION A function defined by the exponential equation y = a"" where a > 0. 

EXTRANEOUS ROOTS Those roots in the solution set of a derived equation which are not members of the solution sf t 
of the original equation. 

EXTRAPOLATING Estimating the value of ^ function greater than or less than the known values; making inferences 
from data beyond th^ point strictly justified by the data. 

FACTOR The integer m is a factor of the integer n i[ m X q = n where q is an integer. The polynomial R 
(x) is a factor of the polynomial P (x) if R (x) X Q (x) = P (x) where O (x) is a polynomial. Factorization is 
the process of finding the factors. 

FACTORIAL The expression "«.^",iVread « factorial. n\ = n(n- \)(n-2),..2 XI. 

FIGURATE NUMBERS Figurate' mitnbers include the numbers more commonly referred to as square numbers, tri- 
angular numbers, etc. <i 

^^^1 ^1^1 NIT E SET In set theory, a set which is not infinite. 

FRACTION A symbol ^ where a and b are numbers, with b not zero. 

FREQUENCY A collection of data is generally organized into several categories according to specified intervals or 
subcollections. A frequency is the number of scores or measures in a particular category. 

FREQUENCY, CUMULATIVE The sum of frequencies preceding and including the frequency of measures in a par- 
ticular category is the cumulative frequency. 

FREQUENCY DISTRIBUTION A tabulation of the frequencies of scores or measures in each of the categories of data. 

FUNCTION A relation in which no two of the ordered pairs have the same first member. Also, altern:itely , a 
function consists of (1) a set A called the domain, (2) a set B called the range, (3) a table, rule, fornuila or 
graph whigh associated each.^ember of A with exactly one member of B. 
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FUNDAMENTAL THEOREM OF ARITHMETIC Any positive integer greater than one may be factored into primes in 
essentially one way. The order of the primes may differ but the same primes will be present. Alternately, any integer except 
zero can be expressed as a unit times a product of its positive primes. 

FUNDAMENTAL THEOREM OF FRACTIONS If the numerator and denominator are both multiplied (or divided) by 
the same non-zero number, the result is another name for the fraction. 

GEOMETRIC MEANS The terms that should appear between two given terms so that all of the terms will form a 
gebmetric sequence. 

GEOMETRIC SEQUENCE A sequence in which the ratio of any term to its predecessor is tlje same for all terms. 
GEOMETRIC SERIES The indicated sum Of a geometric sequence. 

GRAPH ^ A pictorial representation of a set of points associated with a relaUon which involves one or more variables. 

GREATEST INTEGER FUNCTION Is defined by the rule Ax) is the greatest integer not greater than x. It is Usually 
denoted by tlfe'equation / (x) - J^xJ 

, GREATEST LOWER BOUND A lower bound a- of a set S of real numbers is the greatest lower bound of 5 if no lower 
bound of 5 is greater than a. 

HARMONIC MEAN A number whose reciprocal is the\ arithmetic mean between the reciprocals of two given numbers.^ 

HEMISPHERE If a sphere is divided into two parts b>^ a plane through its center, each half is called a hemisphere. 

HISTOGRAM A bar graph representing a frequency distribution. The base of each of the contiguous rectangular bars is 
the range of measures withih a. particular category, and the height of each of the bars is the frequency of measures in the same 
category. . . ' 

IDENTITY, IDENTICAL EQUATION A statement of equally, usually denoted by - which is true for all values of the 
variables. The values of the vanable which have no meaning are excluded, fo> example, (x + yf = x^ 2xy^ . 

INCONSISTENT SYSTEM OF EQUATIONS A system whose solution set is the empty set. 

INDEPENDENT EVENTS T\^o events are said to be independent if the occurrence of one does not affect the pro- 
bability of occurrence of the other. 

INDEPENll^ SYSTEM OF EQUATIONS A system of equations that are not dependert. 

INDEX The number used with a radical sign to indicate the root. In this example the idex is three.) If no number is 
used, the index is two. 

INDUCTIVE REASONING Tlie process of drawing; Ffconclusion by observing what happens in a number of particular 
cases. 

INEQUALITY The relation in which the verb is one of the following- is not equal to, is greater than or is less than 
denoted by the symbols 9^, >,<; respectively, 

INFINITE DECIMAL (Also non-terminating) A decimal representation that has an unending string of digits to the ridit ■ 
of the decimal point, o o &^ 

INFINITE REPEATING DECIMAL A decimal representation containing a finite block of digits wh^h repeats endlessly. 

INFINITE SET In set theory, a set which can be placed in on^o-one correspondence with a propef'subset of itself. 

INTEGER Any one of the set of numbers which cc5nsists of the natural numbers, their opposites and zero. 

INTERCEPT If the points whose coordinates are f^,0) and (0^) are points on the graph of an equation they are called 
intercepts. The point whose coordinates are (^,0) is the xMntercept, and the point whose coordinates are (0^) is the 
v-intercept. 



INTERPOLATION The prpoips of estinjming a 
the table of the function. 



values other than by the rule of > 



INTERSECTING UNES Two or more lines that 



, INTERSECTION OF SETS If A and.^^re sets, the intersection 
which are members of both /I and 




, denoxi'd^yj^^By is the^set of all elements ^ 



INVERSE OF AN OPERATION That .operation which, when Jpef formed after a given operation, annuls the given 
operation. Subtraction of a quantity is <he inverse. 6 f addition of that quantity. Addition is likewise the inverse of sub- 
traction. ' ' xl 

INVERSE FUNCTION If / is a given function then its inverse is the function (provided / is one-to-one) formed by 
interchanging the range with domain. The symbol for inverse of /is/ . 

INVERSE VARIATION The number >^ is said to vary inversely as the numbers if xXy = k where A: is a constant. 

IRRATIONAL EQUATION An equation containing the variable or variables under radical signs or with fractional 
exponents- . 

IRRATIONAL NUMBER An irrational number is'not a rational number. That isr, it is a number that cannot be expressed • 
in the form ~- where a and b are integers. The union of the set of rationals and the set of irrationals is the set of real 
numbers. 

JOINT VARIATION A quantity varies jointly as two other quantities if the first is equal to the product of a constant 
and the othet two, for example, >^ varies jointly as X and w if > = fcxw. 



LATTICE POINTS ^ array of pd^is named by ordered pairs. 

LEAST COMMON MULTIPLE The least common multiple of two or more nurribers is the common mul 



factor of all the other common multiples. 



A 




LEAgT UPPER BOUND , An upper bl^ind ^ of a set 5 of real numbers is the least upper bound b\ S i/ n 
5 is less than ^. ' " 

LINEAR EQUATION ' An equation in standard form in which tht sum of the exponents of the variable in any.tejlrnt 
equals one. ' « / 

LINEAR MEASURE A measure used to determine length. * _ ■ 

LOGARITHM The exponent that satisfies the equation = n \% called the logarithm of n to the base b for any given 
positive number n. • 
>* 

LOWER BOUND A number a is .caHed a lo\yer bound of set S of real numbers if a < x for eypry x e S. 

MAGIC- SQUARE , A square of numbers possessing the particular property that the sums in each row, column and 
diagonal are the same. 



MATRIX A rectangular array of numbers. 
.Example 



1 ^ ^1 "1 



K '2 ^2 



^ S 



/ 



MEAN In a frequency distribution, the sum of the n bneasures divided by n is called the mean. 
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MEASUREMENT A comparison of the capacity, length, etc., of a thipWo be measured with the capacity, length, clc 
of an agreed upon unit.of measure. Non-standard units are used before standaW-umts of measure are introduced/ ' 

MEDIAN In a frequency distribution; the measure thai is in the middle of the range when elements are ranked from 
highest to lowest is called the median. In geometry, a median of a triangle is a line joimng a vertex to the niidnomt of the 
opposite side. . 

MODE In^a frequency distribution, the interval in which the largest number of measures fall is called the mode 
Alternately, m a frequency distribution, the measure syhich appears most frequently m the group is called the mode. There 
may, be more than one mode in a set of measures. ^ 



MODULO ARITHMETIC . Fo^ a' given positive integer n, modulo n is obtained by using the integers 0 . n- \ and 
defining addition and muhiplication by letting the sum o{ a ^ b and the product ofa b be the remainder after division by n of 
the ordinary sum and product of a and b. (This is often call', d clock arithmetic.) 

MODULUS A statement of the type x is congruent toy modulus (or modulo) w, w is the modulus of the congruency If 
2 is congruent to 9, then the modulus is 7. 

MULTIPLE If a and b are in tegers such that = X r where c is an integer, then a is said to be a multiple of 

MULTIPLICATION A short method of adding (ike groups or addends of equal size. It may be illustrated on a number 
line by counting forward by equal groups, 

'* ^. 
MULTIPLICATIVE INVERSE The multiplicative inverse of a non-zero number a is lh€ number b such that a X h ^ 1 . 
It is usually designated by .'- orfl"'. 

MUTUALLY DISJOINT SETS Two sets having no elements in common. 

MUTUALLY EXCLUSIVE EVENTS Events which cannot ocrur simultaneously. Mutually exclusive subsets are subsets 
that are disjoint. 

NATURAL NUMBERS Any ot\ihe set of counting numbers. Tlie set of natural numbers is an infinite set, it has a 
smallest member ( 1 ) but no larges* 

NULL SET A set-containing no elements. It is sometimes called an empty set. The symbol for the null set is0ori I 

NUMBER SYSTEM A number system consists- of a set of numbers, two operations defined on the set, the properties 
belongmg to the set and a definition for equivalence between any two members of the set. 

NUMERATION SYSTEM - Arroding sysl^m for recording numerals. Modern systems of numeration are characterized by 
a set of symbols, or digits, d plac> value scheme and^a blse. 

..NUMERATOR The upper term in a fraction . ^ 
NUMERAL written symbol for a number, for example, several numerals for the same number are 8 VIII 7+1 10 - 

jo f ' > . » , 

OBTUSE ABIGLE If the degree measure of an angle is between 90 and 180, the angle is called an obtuse angle. 

'ODD NUMBER An odd nunibei is an integer that is not. divisible by 2; any numbei oC the form 2n + I where ai is an 
integer. 

ONE-TO-ONE CORRESPONDENCE A pairing of the n.embers of a set A with n.embers of a second set' B such that each 
member of-A is paired with e,xact|y one member of /i, and each member of /? is paired with exactly one member of.1, 

, OPEN SENTENCE An open .sentence is a sentence involving one or more variables, and the question of whether it (s true 
" cannot be decided until definite values are given to the variables, for example, .v + .S = 7. 

ORDERED N-TUPLF A linear array of numbers (a, , a^. a a J such that a ,s -he fust aumbc., ^ ,s the second 

* number, a, IS the third number. ...#fid a i.s the //th number. .' . 
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ORDEREP PAIR A pair of numbers (a,b) where a is the first member and A is the second member of the pait 
ORDINAL NUMBER A number that denotes order of the members in a set. 

ORDINATE If an ordered pair of numbers (a,b) are coordinates of a point P, b is called the ordinate of P, 
PARALLEL LINES Two straight lines in a plane that do not intersect however far extended. 
PARALLELOGRAM A quadrilateral whose opposite sides are parallel. 

PARAMETER An arbitrary constant or a variable in a mathematical expression, which distinguishes various specific 
cases. 

PARTIAL PRODUCT Used in elementary arithmetic with regard to the written algorithm of multiplication. Each digit 
in the multiplier produces one partial product. The final product is then the sum of the partial products. 

PARTIAl^ QUOTIENT In long division, any of the trial quotients that must be added to obtain the complete quotient: 

PERIMETER The sum of the measures of the sides of a polygon. The measure of the outer boundary of a polygon. 

PERIOD The number of digits set off by a comma in an integer or the integral part of a mixed decimal. In a repeating 
decimal the period is th« sequence of digits that repeats. 

PERIODIC FUNCrib'N A function from R toR, where R is the set of real nvlmber$, is called periodic if, and only if,/ 
(x) is not the same for all jc and there is a real number p such that/(x + p) =f{x) for aJlx in the domain of/. The smallest 
positive number p for which this holds is called the period of the function. / 

PERMUTATION A permutation is an ordered arrangement of all or part of the members in a set. All possible permuta- 
tions of the letters a, b and c are a, b, c, ab, ac, ba, be, ca, cb, abc, acb, bac, bca, cab, cba. 

PERPENDICUL^k ^ A line is perpendicular to a ray if and only if the end point of the ray is the' only point of 
.intersection of HniH^'^^ angles formed are congruent. 




PLACE VALUE " The value of a numeral is dependent upon its position. In the number 324, for example, each digit has a 
place value 10 times that of the place value of the di^t to its immediate right. 

PLANE ANGLE Through any point on the edge of a dihedral angle pass a plane perpendicular^bilie edge intersecting - 
each side in a ray. The angle formed by these fays is called the plane angle of the dihedral angle. j 

POLAR COORDINATES 'An ordered pair used to represent a complex number. The first member of the pair is the 
number of units in the radius vector, and the second member is the angle of rotation of the radius vector. 

POLYGON A simple closed curve which is the union of line segments is calle^V pC>lygon. 

POLYHEDRON A solid bounded by plane polygons. The bounding polygons are the faces, the intersections of the faces 
are the edges and the points where three or more edges intersect are the vertices. 

POLYNOMIAL An algebraic expression of the form a^x^ + ^i^''"^ ^n-i^ »^>"ietimes designated by the 

symbol P(x). 

POLYNOMIAL EQUATION A statement that P (x) = 0. 

POLYNOMIAL FUNCTION A function defined by a polynomial equation or/: x > P{x). 

PRECISION The precision of a measurement is inversely related to the absolute error. . Thus the smaller the absolute 
error, the greater the precision. , , 

PRIME NTIMBER A counting number other than one, which is divisible only by itself and one. 



**HiSM If a polyhedron ha&.two faces parallel afid its other faces in the form of parallelograms, it is called a prism. 
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PROBABIUTY '' The numerical measure of the Ukelihood of an event is caUed the probability of the event. It is a rational 
number p sych that 0 ^ p < I . , \ ^ T 

' • • \ 

• ^ PROPER SUBSET A sublet /? is a proper subset of a ict 5: if /? is a subset of 5: and /? 5. 
PURE IMAGimRY cbnlplex number a + ^/ in whic|i fl = 0 and Z? =9^ 0. 

PYRAly^g/f' A polyhe^. on^;of whose faces is a polygon of' any number of sides and whcie other faces are triangles 
having a common Vert^. - -'.^ 

QUADRANTAL ANG^ if the terminal side of an angle with center at the origin coincides with a coordinate axis the 
^ angle.is called a quadranlal angle. . ., * 

QUXDRILATERAf • " A polygon fotjned by the union of 4 line segmei^ts. ^ 
?T2^3:4^^^'^^^°^^^'^™^' A ^>'^^'='"°f^°'«'i°"^i'^^« b3=« 5. It requires only nve symbols or#^ 

' ^i^f".^^ A- ^Fl" ""^"^ ^ ""^'"^le whose arc on a c^le with center atvertex of angle is 

-Tequal iriHength to the ftaius of the circle. „ Btv » 

* of\he cfrcle center of a circle and the other en|oint on the circle is caUed a radius 

RADIUS VECTOR A Une segment with one end fixed at the origin on the cartesian plane and rotating from an initial 
position along the positivejic-axis so that its free end point generates a circle. 

RANGE (STATISTICS) The range of the set of number8»is the difference between the largest and smaUest numbers in a 

. RANGE (OF A FUNCTION) The set of all elements assigned to the elements of the domain !,y the rule of the function. 

■ J^An ordered pair of countingWmbdr* which expressed a rate relation - e.g., a rate of exchange. In general 

a rate pair,^ , where a and ft are counting numbers, expresses a ratio of the number of elements ir one set to the number of 
elements in a ^econ 4 set. . . 

^?x7aK ■Hyn^L?^'^^ ^ expression is a^quotient- of two polynomials gr in, symbols ^.where PQ:) and, 

■ ' , ' * . ~ • , 

RATIONAL NUMBER If a and b are whole numbers with ft not zero, the number represented bv the fraction ^ 'i's ■ 
. called a ratonai number, ' . . • ^ b 

^^Z'^L^^^V^' ?u ''''''T^^''' ' ••""^-'~^-hool,orie generally defines a set erf equivalent fractions 
to be a rational number. Alternatively, a rational number is an equivalence class of ordered pairs of integers a and ft, b ^0.: 

^Lrf ^^^u^ r'^-^ ^u'"''^" ' 4> ^hes/' which is the union of the segment ^'andthe siJl of aU 

points C for which it is true that B is between A and C. The'point A is called the end.point of i^. 

RECIPROCAL . MultipU6ative inverse. '■./'. 
, ^ RECIPROCAL FUNCTIof | Pairs of functions in the set of.real nu^ibers whose product is I for example, (sin 0) (; 

REdTANGLE A parallelogram with right ahgLes. ^ 

•■REFERrVCE,,TRlANGLE For afiy angle on (he Cartesian plane with vertex^at the origin, the triangle formed bv the 
- . - ^^7; projection on the x-axis and a line drawn from the end of the rad'iUs vector perpendicular to the x-a^is is 

..caiiea tne relerence trian.gle. 



^^y^TtTi *^ P°*"'''''has a mirror in^age /'' m tfie line AB if P, P' and/lVaU lie in "the same plane witif^ 
ite sides ©f AB -and if the j)erp.endicura» distance? PO and P'O to the pofnt O in ABhk equal, • 




^REF.IJEXj|||, PROPERTY If a is khy element of. a Set and if is a relation on the set such that oRa foir all a, then R is 
reflexive* 



REGION The ynion of a simple closed curve and its interior. 

RELAYED ANGLE For any angle on the Cartesian plane, the related angle is the angle in the reference Uiangle formed 
by the radius vector and Jf-axis. 

RELATION . A relation from set A to set B (where A and B may reiJfefsent the. same set) is any set of ordered pairs {a,b) 
such that a is a member of A and is a member of B, *• ^ ; V V. 

RELATIViE ERROR Ratio gf the absolute error to the measured value. 

RELATIVE FREQUENCY - The i^elAtiye frequency is the frequency of a given category divided by the total number of 
m'easu res in the category . v 

■ ' — ^ iL "■ • 

RELATIVELY PRIME Two integers are relatively prime if they have no common fact6Hp>ther than +1 or- 1; two 

polynomials are relatively prime if they have no common factors except constanfk, - --^ 

REPEATING DECIMAL A decimal numeral which never ends and which repeats a sequencp^f digits. It is indicated in ^ 
this m^ner ~ 0.333 ... or 0.142857. 

RESOLUTION OF VECTORS The process of finding the vertical and horizontal components. 

RESTRICTED DCWAIN Domain of a function or relation from which certdn numbers ^re excluded for reasons such as 
division by zero is not permitted and need for the inverse of a function to be a function. 

RIGHT AN(5tfE Any of the four angles obtained at the point of intersection of two pe-pendicular li-nes. The angle made 
by two perpendicular rays. Its measure is 90 degrees. . 

RIGHT TRIANGLE A triangle with one right*angle. ' . 

ROUljroiNG OFF ' Replacing digits with zero's to a certain designated place in a number with the last remaining digit 
bein^L^rea^d or decreased under certain specified conditions. - . ^ ^ 

ftAMPLEsSPACE The^^et of all possible outcomes of aft experiment. ^ ^ . - 

SCALAR In physical science, a quantity having magnitud^^but no direction. In a stuSy of mathematical vector, any real 
number. . • • » 

SCALE ^A system. of marks in a given* order and at fixed^hitervals. Scales are used on rulers, thermometers and other 
measuring in^trunnents and devices ^s an aid in measuring quantities 

SCIENTIFIC NOTATION 'A notation ger^^i^y used for very Urge or"^ very^mall numbsn in whfth each numeral is 
changed to the form a X 10^ where a is a real r^umber-pOfrtTaatiin^ at most three significant digits siich that I < a <'10and/: 
is any integer. , " "V / \ ( \ 

Example 



6,708,345 = 6.71 X 10^ ' ■ ^ ' ^K*)^ ^ ^ 

.000000052 = 5.2 X 10"® ^/ ^ * ♦ - . 



^ SEGMENT For any \wo points A and B, tKe set of points con^^isting of A and B a^d all points between A and 5, is the 
line segment determined by A and B. The segment is a geometrical figure while the distance is a iHimber Which tells how far /I 
is from B. . - r o» . . 

SEQUENCE An ordered arrangement of numbers. 

SERIES The indicated sum ofy^^quence. ^ ■ ' 

. . n ■ ■ \ ■ • ■■■ ■ 



SET A collection of particular things, as a set of numbers between 3 and 5, the set of points on the segment of a line or . 
within a circle! ^ -^^ 



I^MUILDER NOTATION To describe the members of a very large or infuihe set, it is often helpful to denote the set 

members as in this example^ {x \xeli and S<x < l] , read *The set of ^1 x such that x is a member of the set R of 
rational numbers and x is greater than or equal to 0 and less than or equal to 1 /''The symbol device' Jx \x read "the set of 
all X such that X..." is called set builder notation.^ ' ( f 

SIGNIFICANT FIGURE , Any digit or argjftero in a numeral, not used for placement of the decimal point' for example 
703,000; .0056.; 5.00. • . r • f » 

SIMILAR JfTj^o geometric^remre similar if one can be made" congruent to the ot'ljer by using a transformation of 
similitude if one is a niagniricatio^h«£iSiugtion of the other * • 



'SKEW LINES, Two Jines ^ir^ 

SLt)PE • m-sirfpe oT a given segpient (P is the number m such that m=-^^ where is the ordered pair (x, y,) 
and/'g is the orldered pair(x2 .j's)- ^2-^1 . . ^ ^'-^^^ 

SOLID Any sj^^iF^fie surface; the term is usually iised with reference to polyhedra (Fectangular.solids, pyramids) 

cylinders, cones ^d sphei^l^K . T - ^' 

SOLUTION SET The truth set of ah equation or a system of equations 

SPHl Kl The set all {joints >»^spSce -feadh of which isit a gi<'eri distance from a given point, The given point is called 
(he wzr^?/- of thftsphere and the given distance is called 4herai/mj ^ 

\ . _ * t^: ^ -. ■■' ■ 

S.QUARE A quadrilateral f^medUy four line segments of equal length wjaich meet at right a^^^^ ' \ 

STANDARD DEVIATION The square root of the arithmetic m^an of the squares oPjJie deviation* fro^i the mean. . 
STATISTIC Aji estimate (^f a parameter obtained from a sample. >^ • ' 

-STA nSTlCS Tl„. oncepts, measures and te^hniVues relatei to, rtiethods of obtaining.'lrgv^ing and analyzing data is 
■ include* in statistics. , *, , » ^ " 

t X - ' • • ■ 

SUBSE-- - A>t contained within a set; a set whose members^re members of another set. The fact that A is a subset of 5 
is indicated by /? C 5. \ ' V 

SUBTRACTION To subtract the reaknumber b from the real num#J|add the opposite (additivr fiiV^rse bf to a 
a-ft=a + (-ft).Also,fl-ft|=cifandonlyiffl = c + t. -'-^ > ' ■ 

SU^'CESSOR The successor of the integer fl is the integer fl+ I,!,. ^^^^^^ 

SUMMATION NOTATION " The symbol ■ The symbol Z,4he Gr€ek letter "sUa," CQttt,p6hds to the first letter of 
the word sum and is used to jndicate the summing process. The k and n represent-the uppef a^ lower, indexes and indicate 
that the summing begins with the -fcth term and includes the nth term, for example, 



When the summation i^ludes infinitelJ many terms is it written f . In this case there is no last term a becaO^ 
number. The symbol «1s use^i tcJ indicate that the summation is infinne. ^ 

^^_^METRic PROPEftq^r^ ; If, a arid \aTQ^y elements of a it and if ft-js a telation ori the set such that aRb implies^ 
,6i<a.'then the relation is said to have the symmetric property. ■ ' - 

TERM InS phrase which has the form of an.indicajed sum^^, B are called ternti of the phrase. ' 

TERMINATING DECIMAi;; . , (Also finite decimal). A decimal )^sentation that contains.a finite number of digits. 
TOPOLOGY A branch of matnertiaticS whi^h is the stSVof prop^rti^of point sets whichflft preserved. ^ ^ 



4: 



TRANSITIVE PROPERTY II. a, and c are any elements of a set and ifM is a relation on the set such th^taRb and 
bRc imply aRc, then the relation is saicrio'havc the transitive property. ' / 

TRAPEZOID A quadrilateral with at le,ait two parallel sides. ; 

TRIANGLE U A,B and C -are^h?bp n^^collthear points^ in a given plane, the set of all points in the segments having A , 
5, C as their end points is called a ftrtibilgft. ' • o ^ * ^ 

UNB6ui%)kD Not bounded. 



UNEQUAL Not pqual, symbolized by ^. 



UNION^F SETS If A and B are twa set5j:tlvB union 'Bf A and B i§ the set A ^ B contains all the elements and only 
thbseeiemcntsthatarein/l or in^, for e\|^ple',i4^^2, 8, 3|,^' = .|^^ then/1 =|2, 8, 3, 5, 7, 6'^, 

UNIQUE . One and only one. ' , ' 

•UPPER BOUND A number bp called an upper b^nd of a set 5 of i^al numbers if b >x for every x eS^ 

VARIABLE A letter used to denote any one of a giyeiV^t of nufi|h|rs. Another namc^for variat^le is placeholder in an 
equation, f^r example, X + 5 = 7. - ■i'V^'^' ",.1-^ ^ ^ " ' . * 



VECTOR / In physical science, a quantify Iwing magnitude and dir^jipBf. In maithematicsa V&ctor is a 
" or one column as(fli ^1 Ci) or ; . / 



matrix of one row 



^4 / 
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VERTEX The p'oSA off intersection of'^rays. 

.:upied b) 

WHOLE NUMBERS The whole numbera&re 0,1,2,3,4,... 



VOLUME , Tlie amount of space occupied by a solid or enclosed within it. 



^ 
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symbol! 



is not equal to 

is approximately equal to 

is gri^ater tha^j ^ 

is not'gredter than 

is less than 

is not less than 

is greater tjlan or equal to 

is not greater than or equal^to 

is. less than or equal to 

is not less than or equal to 

is a subset of ' 

is a prop^'subset of 

I I 

*is a superset of 



A XB 





AB 



A-^ 




IS congruent to 
is similar to 
IS an element of 
is not an eLement of 
0ixm\tr9al sei 
solution set 
complement set 



A A BC 



' Cartesian product set of sets i 
AmdB \ 

is interpreted as — * where a 0 



is parallel to ^ 

is perpemiicular to 

straight line colitaining points 
A and B 

straight line segment with end 
points >4 and\& 

ray from point A through points 

ordered pair J and^^ 

set containing element a ' 

•Mrnes, place holders or 
Jionspecified elements 

the empty of jnulrset 



triangle with Vertices ^4 ^7 and C 
applies to-any polygon 




LABC -angle with point 5-as vertex 

\ □ I □ > 5 > the set of aJtO in the universal 

^ set such that Dis greater than 5 

a'.b T^po{aXob *" \ 

u^ion of two sets ' 



CY ^ intersection oPtwo siets 




